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Abstract

Classical solutions for the LTB of beams which are widely used nowadays assume a
perfectly straight beam when the buckling occurs. In the reality however, prebuckling
deformations exist. Although not too numerous, several studies showed that prebuckling
deformations can have a significant effect on the values of critical moment. However, these
studies are limited to the most basic case but still give several analytical solutions for the
seemingly same case. Furthermore, the effect of torsional rigidity, end supports, and
intermediate lateral supports are hardly discussed or not discussed at all within the context of
prebuckling deformations. Finally, there are very little studies that used a general numerical

method (FEM) to study the effect of prebuckling deformations.

This study aims towards deepening the understanding of the LTB considering
prebuckling deformations by considering several factors: (i) causes of discrepancies in the
literature, (ii) effect of torsional rigidity (open vs closed sections), (iii) effect of end supports,
and (iv) effect of intermediate lateral and torsional supports. Both analytical and numerical
approaches are taken. For the analytical solutions, the energy method is used. For the numerical
solutions, the Finite Element Method (FEM) is employed using both beam and shell elements,
and two types of analysis: the geometrically nonlinear with imperfections analysis (GNIA), and
the linear buckling analysis (LBA). However, since the LBA does not account for prebuckling
deformations, a specialized iterative process that alternate between static analysis and buckling
analysis is proposed. The iterative LBA and GNIA methods were shown to yield similar results.

Several interesting results were found. First, the sources of discrepancies in the literature
were shown to come from various options during the derivations, as well as
simplifications/assumptions that are either appropriate or not depending on the case, which
means there is no definite single critical moment formula that works for all cases. Furthermore,
it was found that the torsional rigidity plays an important role in how the prebuckling
deformations affect the critical moment. The end supports were also shown to have a significant
influence on the effect of prebuckling deformations, with some end supports causing a decrease
in critical moment due to prebuckling deformations rather than an increase. The intermediate
lateral supports were also shown to have a significant influence, which is caused by a ‘switch’
in the buckling shape depending on which type of intermediate support is used. A
comprehensive shape analysis study was conducted to further understand the behaviors. Other

support conditions, loading conditions, or cross sections can be investigated in future studies.
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Chapter 1: Introduction
1.1 Lateral Torsional Buckling (LTB)

Although thin-walled steel structural members offer the advantage of high carrying
capacity with relatively low weights, they have some disadvantages, one of the most notable
being the instabilities due to local and global buckling. Several types of instabilities can occur
to steel structural members, such as: flexural buckling [1], lateral torsional buckling [2], local
buckling [3], pure torsional buckling [4], distortional buckling [5], or combined types of
buckling, such as: interaction buckling [6] and coupled instabilities [7].

In this research, the lateral-torsional buckling (LTB) is discussed. The beam deflection
takes place in the plane of the loading (referred to as primary displacement), and the deflection
gradually increases (approximately linearly) as the load increases. Even if the material is
perfectly elastic, which is assumed here, stable equilibrium in the primary displaced shape is
not possible for an arbitrary load, since at a certain load level, the member starts to develop
rapidly increasing lateral displacements (referred to as secondary displacement) characterized
by twisting rotations and translations perpendicular to the plane of loading as shown in Figure
1-1.

Figure 1-1: Lateral torsional buckling (LTB) of a steel beam.

One of the earliest publications discussing the topic was back in 1899 [2] which did not
use the term lateral torsional buckling directly but discussed the instability of thin flat bars by
a “combined lateral displacement and twist”. It is mentioned that the torsional rigidity is the
main affecting factor of such failure, rather than the flexural rigidity. Another early work was
[8], which was done by Stephen P. Timoshenko and discussed the failure due to the lateral

displacement of a rod, which is always accompanied by a twisting or overturning. It is



mentioned that such a rod would have two very different principal moments of inertia and is

subjected to bending forces in the direction of the greater stiffness.

In fact, Timoshenko was one of the main contributors in the field of LTB, he published
various papers on the topic [8,9,10]. Later in his book [11], Timoshenko discussed the LTB of
beams under various conditions, such as beams in pure bending, simply supported, cantilevers,
beams with narrow rectangular cross sections, as well as other cases. LTB, or the Lateral
Buckling as referred to in the book, occurs when the beam is subjected to bending in the plane
of the highest moment of inertia, by the lateral buckling (in the direction of the plane of the
lowest moment of inertia). Differential equations are established assuming a perfect non-
deflected beam, and a closed formed solutions are provided for the critical moment for several
cases. These formulae are still (more or less) being used until this day in many design codes
and practices. It is also to mention that other early works also investigated the same topic, such
as [12].

1.2 Energy method

The energy method for the stability of structures involves assessing the potential energy
of a deformed structure to determine if small perturbations will increase or decrease the energy,
indicating stability or instability, respectively [11, 13]. Which is based on the Lagrange-
Dirichlet theorem [14], stating that a system is at equilibrium in a certain state when the total
potential energy of the system is at the absolute minimum at that state [15, 16]. In the context
of buckling, this would involve determining the total potential energy of the structural element
under certain loading and boundary conditions, which includes a combination of strain energy
due to deflection, as well as external potential energy due to applied load [17]. Many studies
used the energy method for the calculation of the critical load for LTB of beams by assuming
shape functions and deriving the energy formulation [18-21].

For the calculation of potential energy, the strain energy is first calculated. The strain
energy of a member under bending is equal to the integration of stress times the strain over the
volume of the beam [22]. This can be broken down into components of curvatures and
stiffnesses as it will be shown in following chapters. Expressions for the curvature in both
directions, as well as the twisting curvature are needed, as can be obtained from [23]. The
curvature in the longitudinal direction is also used for the calculation of the external energy.
The calculation of the curvatures involves establishing a proper transformation matrix from the

global to local coordinates [24], as well as establishing shape functions which satisfy the
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boundary conditions. In this study, various transformation matrices, leading to different

curvature functions are considered. This will be shown in detail in Chapter 2.
1.3 Linear Buckling Analysis (LBA)

One of the most commonly used techniques for the prediction of buckling loads is what
is known as the Linear Buckling Analysis (LBA). The word Linear comes from the assumption
of linear material behavior and small deformations. It focuses on the initial stability of the
structure, and not on the post-buckling behavior [40, 41]. LBA determines the bucking loads
and their corresponding buckling modes of a structure. This is done by solving an eigenvalue
problem, in this context, the critical loads, as their corresponding eigenvectors, which are the
buckling shapes associated with these critical loads. The eigenvalue problem can be expressed

as
(K—1AK))¢p =0 (1)

with K being the stiffness matrix, K;being the geometric stiffness matrix, 4 being the

eigenvalues representing the buckling loads, and ¢ the eigenvectors representing the buckling
modes [42,43].

1.4 Geometrically Nonlinear Analysis with Imperfections (GNIA)

Although Linear Buckling Analysis is a good way for predicting the possible buckling
loads and their associated buckling modes, it is very limited and can be only used for initial
estimates, as it considers a perfect geometry and does not deal with the prebuckling, or post
buckling behaviors. On the other hand, another method for the assessment of the stabilities of
structures is the Geometrically Nonlinear with Imperfections Analysis (GNIA) method [44].
The concept was probably first applied by Young [45] for columns and was later extended to
other types of buckling. GNIA can be a useful tool for predicting the load-bearing capacity, as
first proposed in [46]. The approach and resulting formula, known as the Ayrton-Perry

approach/formula, are named after the authors.

This approach is the basis of the European buckling curves, which were proposed by
[47], and which are still in use in the current Eurocode standards, e.g. [48], for both column
buckling and LTB. It is a nonlinear method which can account for large deformations, as well
as initial imperfections. This makes it more capable of predicting real life behaviors of the

structure. However, it should be noted that material nonlinearity is not considered in this



method, making it distinct from the Geometrically and Materially Nonlinear with Imperfections
method (GMNIA) [49].

The GNIA method often uses a numerical method for the solution, typically the FEM
method. Compared to the LBA method, the GNIA is more computationally demanding since
the solution follows the load path, resulting in many sub-steps of which the stiffness matrix is
updated constantly, with an iterative process in each load step. This process makes it not as
widely used as much as the LBA, especially when large deformations and the post buckling
behavior are not of the greatest importance. However, it is a powerful tool for research purposes,

or for special structures [50,51].



Chapter 2: Effect of Prebuckling Deformations
2.1 Overview

Although classical solutions still used nowadays consider a perfect beam when the
buckling occurs, neglecting prebuckling deformations, it was observed in previous studies that
the primary (in-plane) deflections might influence the solution of LTB, since when the buckling
occurs, the structure is already in a deflected state. If this deflected shape (i.e., prebuckling
deflection) is considered in the LBA, the associated critical load is different from the one
obtained from an undeflected shape. It is reasonable to assume that prebuckling deflection is
never zero, however, whether it has an important or negligible effect on the buckling depends
on the structure. It is worth emphasizing here that prebuckling deflections are not the same as

imperfections, since they are due to the loading, and exist even if the original structure is perfect.

When prebuckling deflections are considered, the problem cannot be expressed as an
eigen-value problem, since the critical load value is dependent on the deflected shape, but the
deflected shape is dependent on the load (which, when buckling occurs, must be equal to the
critical load). Still, the problem remains solvable under certain circumstances and with certain
simplifications. In fact, the effect of the prebuckling deflection was included even in the very
first analytical solution for the LTB problem by Michell, in [2]. Later, the problem was

discussed by several researchers [52-77], as will be discussed in detail in this chapter.

There seems to be a consensus in the available literature that the prebuckling
deformations increase the critical moment, and that the increase is dominantly determined by
the lateral rigidity of the beam. However, there are some discrepancies, both in the proposed
analytical expressions and in the numerical results. The research presented herein is focused on
understanding the role of prebuckling deflections on LTB, exploring the source of the
contradictory results in the literature. This chapter is dedicated to the basic case, which is:
single-span beams subjected to uniform moment, the cross-section is doubly symmetric, the
bending is about the major axis of the cross-section, and the end supports are pinned (forked)

in the direction of the minor axis bending.

In Section 2.2, a detailed review of the literature is provided, and in Section 2.3 the
various steps of the analytical derivation are presented, highlighting when it is appropriate to
do certain assumptions/simplifications. Section 2.4 gives the critical moment formula variants
and provides elementary numerical results to illustrate the effect of the introduced assumptions

and/or simplifications. Finally, the results are discussed in section 2.5.



2.2 Literature review

In this Section, a literature review is provided, focusing on literature where the effect of
prebucking deflections on the LTB of doubly-symmetric beams is discussed. While
acknowledging the researchers who have contributed to this topic would be commendable, the
primary reason of the detailed review is that the available papers are not too numerous, but still
include slightly different formulae for the seemingly same case, as well as include certain

contradictory statements or suggestions.

As far as is known, the effect of pre-buckling deformations on the lateral-torsional
buckling of beams was first reported by Michell [2]. In his paper, differential equations (D.E.-
s) are formulated and solved for various beam-column cases, and two simple experiments are
reported to validate the theoretical results. A particular case considered in the derivations is the
basic case. A solution is derived for the critical moment M., written (using the notations

normally used nowadays) as:

EI,
M, = Mrco/ (1 - E_Ix)

T
with My = 7 /Ely(;]

where M., is the critical moment without the effect of prebuckling deformations, I,

1)

and 1,, are the second moments of area for the x (major) and y (minor) axes, respectively (see

Fig. 1-1), J is the torsional inertia, L is the length of the beam, and E and G are the Young’s
modulus and shear modulus, respectively. It is to observe that the warping effect is totally
disregarded. The results obtained from this formula are in line with later results if the cross-

section has a small warping constant, e.g., in the case of a narrow rectangular section.

In fact, while the paper does not explicitly state this limitation to narrow rectangular
shapes, such members are considered in the conducted experiments. Another remark is that the
paper does not discuss the “effect of prebuckling deformations” separately, i.e., there is no
distinct solution provided with and without prebuckling deformations; instead, it explicitly
assumes the presence of prebuckling deformations and solves the equations accordingly.
Another early work was done by Prandtl [52], who also established the D.E.-s for the LTB
problem (without considering warping), and also solved them for a few cases, but without

considering the prebuckling deflections.



An important contribution to LTB was made by Timoshenko [8], where the effect of
warping for thin-walled members in twist was first introduced in the context of I-section
members. Timoshenko published the first critical moment formula with considering warping,
particularly for I-shaped members [53]. The formula is essentially identical to the one known
nowadays, though in [53] it is formally different and expressed specifically for I-shaped beams

only. It is:

T m2El,
Mo = Z\/EIyG] (1 + e ) (2)
where I, is the warping modulus. Later, in [10] a solution is presented for clamped-

clamped beams (without the prebuckling effect).

Chwalla [54] formulated the D.E.-s of the beam-column buckling problem considering
the warping effect and accounting for the prebuckling deflections, and provided closed-form
solutions for several cases. Regarding the effect of prebuckling deformations, the derivation is

presented for the basic case with narrow rectangular sections, leading to the following formula:

Mer = Mero | j (1-3)(1-32) ©

with M., as given by Eq. (1). In [54], it is also proposed to introduce an equivalent

lateral bending stiffness to consider the effect of prebuckling deflections, suggesting that the
proposed equivalent bending stiffness can be employed to any LTB case. It is also commented

that GJ/E1, is typically small, therefore, can be neglected.

LTB is discussed by Davidson [55], also for I-sections (and as special cases: narrow
rectangular sections). Analytical solutions for both without and with considering the
prebuckling deflections are given, assuming elastic end supports with separate stiffnesses for
the global rotation of the beam ends (about the minor axis) and rotation of the flanges (which
latter one could be “translated” to today’s terminology as elastic warping support). Analytical
solutions are given, but typically not in closed format, due to the complexity of the problem.
Explicit formulae can be derived only for some simple cases, e.g., if the supports stiffnesses are
zero (i.e., forked supports) and I, = 0 (e.g., rectangular narrow section), the derivation leads

to the following formula:
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o =t [(1-52) 1~ 1) 0

with M., as given by Eq. (1). This is nearly (but not exactly) identical to the solution
in [6].

The next appearance of the same problem is in [56] by Pettersson, focusing on mono-
symmetric cross-sections. The displacement functions of beams subjected to combined loading
(biaxial bending and torsion) are derived. Mostly simply supported beams are considered, but
3-span beams are also discussed. Critical moment expressions with and without the prebuckling
deflection are provided for a few cases. For rectangular section beams under uniform major-

axis moment, the derived formula is identical to the one in [55], see (Eq. 4).

In [57], Kerensky and his colleagues summarized the background of the then-current
British Standard, and for the calculation of critical moment, a formula with considering the
effect of prebuckling deflection was proposed, using the 1/,/1 — I, /I, factor as in Eq. (1). A

few years later, Clark and Knoll extended the critical moment formula for a few cases [58]. For

clamped beams with narrow rectangular cross-sections, they derived the formula as follows:
El EI GJ
o= - 52 [(-5) (-2
cr = er0 ( ElL, j El, ElL,
_ 2m
with M, = T /EIyG]

In the above equation, the M., expression is the one normally used nowadays (if the

(5)

warping effect is negligible), but the modification factor due to the prebuckling deflections is
significantly different from those previously derived for the pinned-pinned case. This is,
therefore, the first publication where the influence of the supports on the prebuckling effect is
explicitly reported. Moreover, a formula is derived for a doubly-symmetric I-section beam in
[58], where M, is identical to that derived by Timoshenko, and the modification factor

accounting for the effect of prebuckling deflections is the same as that derived by Davidson.

The problem was revisited by Trahair and Woolcock. In [59] a set of D.E.-s with
considering the effect of prebuckling deformations, assuming doubly symmetrical cross-
sections and pinned end supports, is derived. The solutions for a few cases are discussed (mostly

numerically). A closed-form solution is given for the basic case, which can be written as:
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B El, GJ n2EI,
Mcr—McrO \/(1_E_Ix)<1_E_Ix<1+ G]LZ >> (6)

where M, is the same as proposed by Timoshenko, see Eq. (2).

The next important contribution is made by Vacharajittiphan, Trahair and Woolcock
[60], where a general approach is introduced for describing the three-dimensional behavior of
thin-walled members in bending, assuming doubly-symmetrical cross-sections. From the
general description, a simplified set of D.E.-s is derived. Since the aim was to calculate the
critical load, i.e., to capture the point of bifurcation of the equilibrium, it was assumed that the
lateral and torsional displacements are infinitesimally small, while the primary (i.e., in the plane
of the bending) displacements are moderately large. The simplifications are introduced
accordingly, in a consistent way, as follows: the lateral and torsional displacements are
approximated by linear terms, while the primary displacement is approximated by up to
quadratic terms. The derived formula is identical to the one in [59], see Eq. (6).

Roberts and Azizia developed a beam finite element model for the analysis of thin-
walled members with open cross-sections [61]. The used variational form of the problem is
aimed to get weak (approximate) solutions numerically, as usual in any finite element
implementation. Arbitrary open cross-sections, including asymmetrical ones, are considered.
The developed beam finite element is based on Vlasov’s thin-walled beam theory, and is
employed to solve simple column and beam problems using an incremental-iterative solution
scheme. Though the effect of prebuckling deformations is not specifically discussed, it is
mentioned that “...when these nonlinear strains are incorporated in a general instability analysis
..., the influence of pre-buckling displacements is automatically taken into account”. A
subsequent research [62] discusses the effect of prebuckling deformations, based on the same
principles as in [61]. However, analytical solutions are also provided. For the basic case, a
critical moment formula is derived, which is identical with the one in [59, 60]. An analytical
solution for beams with monosymmetric T-shaped cross-sections, assuming that I,, is zero, is

also provided.

The next noteworthy contribution is a pair of papers by Pi and Trahair [63-54]. In [63],
the earlier work of Roberts and Azazian is criticized. The criticism is on the basis that the finite
element solution provided in [61-62] leads to a quadratic eigenvalue problem due to the
presence of second-order terms, and instead of using an iterative approach, the problem in [61]

is solved as a linear eigenvalue problem. Other issues in [61] were addressed, too, such as the
12



consideration of “constant prebuckling in-plane rotations and curvatures” along each element,
which is not an accurate representation, as well as the negligence of the additional moments the

axial loads cause due to the presence of prebuckling deformations.

The geometrical description of the problem in [63] is similar to the one in [60], but there
are some important differences and/or advancements. One is that energy equations are provided
and used. Another one is that the equations are developed for mono-symmetrical cross-sections,
too. Moreover, the geometric description is more accurate and/or general. Finally, more terms
are included in the approximations (compared to [60]), though when it comes to the derivation
of actual M, formulae, the kept nonlinear terms are more-or-less the same. Two new versions
of M., formulae are derived and presented in [64], but only for the basic case. One formula,
termed as “linearized”, is obtained by neglecting “the terms containing the second-order

prebuckling deformations ... in the energy equation”, as follows:

EL, GJ n?El,
(1 - E_Ix) (1 © 2EI, <1 T >>

This formula is immediately criticized, stating that this expression “overestimates the

M., = McrO/ (7

critical moment and shows that second-order terms in the energy equation should not be
neglected”. The other, believed to be more accurate, formula is as follows:

) EI, GJ m2ElL,
W B

In both of the above formulae M, is identical to the one proposed by Timoshenko,
see Eq. (2).

Eq. (8) is almost identical to the ones published in [59-61]. The only difference is the
appearance of a ‘2’ in the denominator of the GJ/2E L, term. The authors mention this slight
difference, but do not explain or discuss. It is to mention, that later, in the book of Trahair [65],
Eq. (8) is presented. (It is to note that, in [64], an M, formula is proposed for mono-symmetric
cross-sections. It is not clear how it is obtained, but it is clearly different from the one derived

by Roberts and Azizian [62] for mono-symmetric sections).

In [64], the analytical and numerical results are compared to those obtained from
experiments. The test-based critical values are determined by the so-called Southwell-plot
technique. Looking at the results, it is fair to say that: (i) the linearized formula is clearly
incorrect, (ii) the experimental results are perhaps somewhat closer to the numerical ones if the

13



prebuckling deflections are considered, (iii) but the experimental results are not convincing

regarding the effect of prebuckling deflections.

Though in [66], the LTB problem is not discussed, it is worth mentioning here because
the paper expresses some criticism regarding the mathematical background of the derivations
in [63].

In [67], Andrade and Camotim discuss the LTB of prismatic and tapered beams, both
with and without the effect of prebuckling deflections. The developed and utilized formulation
includes some approximations. It is suggested that the prebuckling effect can be taken into

consideration by the 1/,/1 — I, /I, factor, same as in [2,57].

Machado and Cortinez also investigated doubly-symmetric beams considering the effect
of prebuckling deflections [68]. The novelty in this research is the consideration of transverse
shear deformations, both along the major and minor axes, assuming laminated material.
Variational principles are used, and closed-form solutions are provided. As a special case, if the
shear deformations are neglected, the solution is identical to that given in [63]. Various
transverse load cases are investigated, including the load height effect on simply supported
single-span beams and cantilevers. The general observation is that the shear deformations
decrease the critical loads, while the prebuckling deflections increase it. (Note, the effect of

various laminations is also discussed.)

Mohri and Potier-Ferry studied doubly- and mono-symmetric beams under various
loading conditions, including transverse loading with varying load application heights. In [69],
D.E.-s considering the effect of prebuckling deflections are developed and solved. In the basic

case, the same solution as in [60] is obtained. It is also commented that in engineering practice

it is acceptable to account for the prebuckling effect by the 1/,/1 — I,,/1, factor.

In [70], Torkamani and Roberts derived new energy equations for flexural-torsional and
lateral-torsional buckling of thin-walled beam-columns. The equations are very similar to those
in [63]. There are a few differences, however, in how the nonlinear displacements of an arbitrary
cross-section point are approximated. These differences are not discussed or explained. Some
numerical examples are presented, one is related to LTB, but without special attention to the

effect of prebuckling deflections.

Mohri, Damil, and Potier published another article on the same topic [71]. The theory is
developed for general open cross-sections, using variational principles and D.E.-s, with the
14



focus being on monosymmetric I- and T-shaped sections. When considering doubly symmetric
sections, it is again suggested that the prebuckling effect can be considered by the 1/,/1 — I,, /I,

factor.

In [72], a new version of the weak formulation of the lateral buckling problem is
published by Attard and Kim. The kinematic assumptions are similar to those presented in
earlier papers, and the novelty is the consideration of hyperelastic materials. The derived
general formulae are utilized to re-derive an M_,. formula for the basic case, which is found to
be identical to the one presented in [60]. (Also, they try to derive the M, formula for mono-
symmetric cross-sections; in their results, the derivation leads to a cubic equation from which
M,, cannot be expressed in closed format. However, this formula is clearly different from that
in [62] or in [64].)

The topic is discussed by Erkmen and Attard in [73], considering the shear deformations
(similarly as discussed earlier in [68]). As for the analytical solution, the earlier formula for the
basic doubly-symmetric case is repeated, where the effect of shear is said to be nonexistent.
However, numerical (finite element) solutions are also provided and compared with results
from the analytical ones. It is noted that “in order to induce bifurcation type post-buckling
behavior, an initial small horizontal load is applied in the nonlinear analysis”. The numerical
results, hence, were obtained by nonlinear incremental analysis, not eigen-value analysis. It is
declared that the analytical closed-form solution “is a lower bound to the results based on the
nonlinear analysis procedure”. In other words, the authors declare that the effect of prebuckling
deformations is even larger than what is predicted by the analytical formulae. The question is
discussed again by Mohri, Damil and Potier-Ferry [74], but the discussion and conclusions are

rather similar to those of [71].

In [75], the LTB behavior of U-shaped sections (i.e., unlipped channel) is discussed by
Beyer et al. The energy method is used, and the effect of prebuckling deflections is considered.
The main focus of the paper is on minor-axis bending. For major axis bending (which is similar
to a doubly symmetrical section), the prebuckling effect is considered by the 1/m

factor.

In the next related study, conducted by Pezeshky and Mohareb [76], the main focus is
on the distortional deformations, though shear deformations are optionally considered, too.

Variational principles are employed, but closed-form solutions are not provided. From the
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numerical results it can be deduced that the shear deformations have small effect, but the

distortional deformations noticeably reduce the M,./M.,., ratio.

A more recent relevant paper is published by Su et al, see [77]. Their paper discusses
the effect of prebuckling deformations, but the subject is essentially different from classic
structures in structural engineering. The studied structure is the so-called ‘“serpentine
interconnect”, which is a beam with a serpentine-shaped axis. The prebuckling deflections are
huge compared to classic structures, accordingly, the effect of prebuckling deformations is
drastic. Some analytical solutions and numerical examples are shown. As a special case, the
classic LTB problem is considered, to which a closed-form solution is derived. The beam is
assumed to have a rectangular cross-section, but not necessarily narrow rectangular. The
warping effect is not directly considered. The obtained closed-form solution for the critical
moment is identical to the one first derived in [55], with the only difference being that the
torsion constant is different. The method is developed essentially for numerical solutions. It is
worth mentioning that some of the numerical results predict higher values than the analytical

solution, suggesting that the analytical solution is not perfectly precise.

Finally, the most recent paper investigating the effect of prebuckling deformations was
done by Zhang and Kim [78]. The study employed finite element method with various
numerical techniques for predicting the critical moment, namely: linear buckling analysis,
geometrically nonlinear analysis, and a linear buckling analysis with an iterative solution to
account for prebuckling deformations. The study found that the linear buckling analysis does
not provide accurate solutions, which is expected since it doesn’t account for prebuckling
effects, and the nonlinear and iterative linear solutions provide more accurate critical moment
predictions, with the iterative linear solution being far less demanding computationally. Itis to
mention that although the paper says that the “iterative LTB analysis method is newly

proposed”, a similar method was proposed earlier in [76, 82].
The main observations from the literature can be summarized as follows.

e The vast majority of research considers simply supported beams with forked supports.
Cantilever beams and clamped beams occur in a few papers, but other support

conditions are not discussed at all.

e There seems to be a consensus that the prebuckling deflection has a positive effect on

LTB, i.e., the prebuckling deflection increases the critical moment. Moreover, there is
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an agreement that the increase is primarily influenced by the ratio of the weak to strong

axis moments of inertias.

e Most of the papers agree that the increase due to prebuckling deflections can
approximately be expressed by the 1/,/1 —I,,/I, factor. More precise formulae are

given in several papers, and there are small discrepancies between these formulae. In a
few papers, it is suggested that the available formula underestimates the critical moment.

e In most of the papers, it is implicitly assumed or explicitly stated that the provided
formula to consider the prebuckling effect is generally valid. There is one single paper

in which it is suggested that the critical moment increase is affected by the supports.

e The discrepancies between the papers are not limited to differences between the
provided closed-form solutions for the critical moment with prebuckling effect,
differences can also be observed in the underlying basic mechanical-mathematical

formulae. In certain papers, criticism can be found regarding the content of other papers.

e Experimental work specifically devoted to the effect of prebuckling deflection is rather

scarce; the existing experimental results are not convincing.

e In the literature there is hardly any attempt to use general numerical methods such as
the shell finite element method, to verify the analytical results or the developed specific

numerical formulations.
2.3 Analytical solution for the basic case
2.3.1 General

e Shape functions

In this study, the energy method is used. The total potential is expressed in terms of
displacements. Thus, the displacements have to be assumed. In case of LTB, the secondary
displacements are the lateral translation and twisting rotation, u and ¢. The shape functions
must satisfy the boundary conditions. For example, in the case of forked supports, the assumed

displacement functions are simple half sinewaves:

mZ
u(z) = uy,sin—

L

7 )
¢(2) = pmsin—-
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where u,,, and ¢,, are the displacement amplitudes, and L is the beam length, see Fig.

2.1. (Further classic support cases will be considered in Section 2.4).

The primary (prebuckling) displacement is the in-plane deflection due to loading.
Although it is not included in the energy method solution, it has an influence on the strains and
curvatures, which influence is disregarded in classic LTB solutions. The primary displacements
can be expressed by classic equations of the strength of materials. For example, in the basic
case the beam is simply supported at both ends and subjected to uniform moment along the
length, accordingly, the primary displacement of the beam’s system line can be described by a
quadratic function:

v 4z(L —z M, L?

V@) == 8EL,

where v, is the maximum vertical displacement, and M,, is the applied uniform bending

moment.

Figure 2.1: Coordinate system, displacements.

e Total potential

The total potential (IT) is expressed as the sum the strain energy (S) and the work (W) of

the stresses on the nonlinear strains.

n=s+w (11)
where
L
W = IJ sz$ydA dz (12)
0 A x
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L
1
S = Eff (ELyky? + Elykyq® + Glic,?)dA dz (13)
A
0

In the strain energy expression, k,, is the curvature in the lateral direction, (i.e., the rate
of change of the tangent of the system line in the lateral direction,) k, is the rate of change of
the twist angle, and «,, is the rate of change of x,. In the work expression, M, is the applied
moment, &, is the nonlinear longitudinal normal strain due to displacements. Both the ¢,
longitudinal strain and the k curvatures must be expressed on the deformed geometry, which
requires the transformation between the deformed and undeformed coordinate systems. In the

relevant literature, multiple solutions can be found, as will be discussed later.

e Curvatures

The T rotation matrix can be obtained by the u, v and ¢ displacement functions, and
once obtained, the curvatures (on the deformed geometry of the beam) can be expressed. The
expressions are, see [60-64]:

dl dm dn

Ky =1, —Sy +m, dsy +n, dsy
dl dm dn

Ky=lxd—:+mxd—sz+nxd—sz (14)
dl, dm,, dn,

K, = lyg-me ds +le ds

where the elements of Ty are direction cosines:

L L,
T =My my m, (15)
n, mn, n,

The derivation with respect to length ‘s’ can be approximated by the derivation with

respect to the longitudinal coordinate ‘z’. It is also to note that the actual expressions for the

curvatures are fairly long, and approximations are necessary, as will be discussed later.

e Longitudinal normal strain

To calculate the work of the loads/stresses, strains are needed. Assuming that there are
longitudinal stresses only (as usual in any beam-model-based solution), only the longitudinal
normal strain is needed, which is derived from the translations. According to the Green-

Lagrange starin tensor, the strain can be expressed as:
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aw 1{(0u,,\° v\ ow,, \
g, = —2 4o [=2) +(=2) + (== (16)
0z 2 0z 0z 0z
where uy,,, vy, and w,,, are the translation at an arbitrary cross-section point. As it is

typical in classic buckling solutions, the ((’)wxy/az)2 nonlinear term is neglected. All

translations must be interpreted on the deflected geometry. According to e.g., [63], the

translations of an arbitrary cross-section point (at the x, y position, with sectoral coordinate w)
can be expressed as:

X X

y ] - (17)

uxy u
[vxy] = lvl + Tg
Wxy w —WK, 0

where u, v, and w are the translations at the centroid (and due to double symmetry, the

shear center and centroid coincide). T is substituted into Eq. (17) to calculate w,,,, vy, and
Wy, , then they are substituted into the strain expression Eq. (16). Without further
simplifications, the final formula is extremely long (with many dozens of terms). However,
many of these terms are zero if the cross-section is doubly-symmetric, due to the fact that y is
measured from the centroid. As a result, the integral of all the terms in &, that are independent
of y or contain y? are equal to zero. In other words, only the terms that are linearly dependent
on y are necessary to consider. With this, the expression for &, is greatly simplified, but still

might be long, hence, some approximations might be reasonable.
e Equation system, critical load

The expressions for the curvatures and longitudinal strain can be substituted into the
total potential formula. After the integrations, the total potential is expressed in terms of the
displacement parameters, i.e., the displacement amplitudes u,, and ¢,,. Note, v, is not an
independent displacement parameter, since it is defined by M,,, see Eq. (10). According to the
theorem of stationarity of total potential, equilibrium exists if the total potential is stationary,

ie.:

on 0 on 0 (18)
Oy, O
The above expressions form a system of two equations. Applying certain simplifications

(which will be discussed later), the equations are linear, and can be written in matrix format as:

(€1 [,r] =0 (19)
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where C is a 2x2 coefficient matrix dependent on M,.. A nontrivial solution of the
homogeneous system of linear equation exists if the coefficient matrix is singular, i.e., its

determinant equals to zero.

det(C) =0 (20)
This condition can be satisfied if M, takes specific value(s), which is (are) the critical
moment(s) M,,-. To be able to solve the det(C) = 0 equation, further approximations might be

necessary, as discussed in the following Section.
2.3.2 Variants and approximations in the derivation
e Transformation matrix

Using the rotational angles a, § and ¢ about the x, y and z axis, respectively, the
rotation matrix can be expressed. If the rotations are large and no approximations are
introduced, it is relatively easy to define the transformation matrix by the sines and cosines of
the rotational angles; in this case, however, the order of how the rotations around the three axes
occur matters. On the other hand, if the rotations are (very) small, the cosines can be taken as
1, and the sines can be approximated by the value of the angle; leading to the Ty transformation
matrix being simple and independent of the order of the rotations. However, to solve the LTB
problem with prebuckling deflections, moderately large rotations must be assumed. Essentially,
the sine and cosine of an angle are approximated using the Taylor series expansion up to

quadratic terms.

There are two ways in the relevant papers to express the transformation matrix. In [60],
it can be understood that the rotations around x, y and z are applied one by one, then the sine
and cosine terms are approximated by Taylor series, and in the transformation matrix, the linear
terms and some quadratic terms are kept. Regarding the quadratic terms, the approximation is
based on the logic that the secondary displacements are infinitesimally small (hence g and ¢
are small), but the primary displacement is moderately large (hence « is moderately large).
Accordingly, only the quadratic terms associated with « are kept. The resulting transformation
matrix is as follows:

1 —¢@ B ]

1
— —q? —
rva | ¢taf 1l-za @ | (21)

R,angle —
1
[—,B + ap a 1-— EaZJ
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Papers [63] and [66] present a different version of Tk. Though [63] and [66] use different
mathematical apparatus, the same transformation matrix is derived when expressed by the

angles, as follows:

B 1,1, +1 +1
ZB 5 @ Zaﬁ B 5 ap
. 1 1 1 1
Tlslangle = (p +Eaﬁ 1 _Eaz _E(pz - +Eﬁ(p (22)
+1 +1 ) 1, 1,
p+5ap @+ By Sa”—5b%

The rotation angles must be expressed using the displacement functions. The angle about
the longitudinal axis is directly given by the ¢ function. For « and £, there are two alternatives

in the literature. The simplest approximation, used in [60], is:

o dv
a = dz = -V
(23)
_du
Cdz u
In [15] and [18], however, a and B are approximated more accurately as:
_av N 1 du | N 1,
*= dz 2(pdz_ v Z(pu
(24)
_du N av. N 1
b= dz " Paz =" TY

To obtain the necessary transformation matrix, Eq. (23) or Eq. (24) must be substituted
into either Eq. (21) or Eq. (22). In [60], Eq. (23) is substituted into Eq. (21) which leads to a

transformation matrix as follows:

1 —@ u’
11 1 "2 '
TV = @ —u'v 1—5(17) v (25)
1
—u' — v -’ 1-— 5 (v")?

However, if Eq. (24) is substituted into Eq. (22), it leads to a transformation matrix with
entries up to 4"-order terms, and it is reasonable to introduce approximations. If the 4th-order

terms are eliminated, the resulting matrix is as follows:

22



Tgrd

1 1 1 1 1 1
[ 1_E(u’)2_5¢2_§u’v'¢ —(P—EU’U' +_(ur)2(p__(vl)2(p ur+ U(P ]
1 11 , 1,1 1 (26)
=lg—suv'+-W)e—-W) 1——(17’) ——(p += uv(p v +-v'¢p?
| o 1 : |
[ —u’—v’(p+zu’(p2 —v' +u(p+Zv<p 1——(u’)2——(v’)J

In [66], the transformation matrix is essentially similar to Eq (26), but some 3rd-order

terms are eliminated, namely from entries (1,3) and (2,3). The resulting matrix is then:

TR°
1 1 1 1 1 1
1-s W) =52 —-wv'p  —p—suv +-W)p -7 ()2 W |
2 2 2 2 4 4
— 1 ’ r+1(r)2 1(/)2 1 1(/)2 1 2+1 [ ! | (27)
—lq) Zuv 4_u 14 417 1) ZU er Zuv(p v
1 1 1 1
N Tl n2 - 7 a2 _ n2 _ n2
u v<p+4u<p v+ug0+4vgo 1 2(u) 2(17)
In [63], the transformation matrix is similar to Eq. (26) or Eq. (27), but further simplified
as.
s
1 1 1 1 1
[1 ——W)—zp?—zu'v'y —p—suv +=-W)% u' |
2 2 2 2 2
- 1 1! 1 "2 1 1 "2 1 2+1 1.1 12 (28)
9 —Zuv == (1) S =P o'y v
| 12 12 +1 1,2 /+ 12 + 1 1,2 1 1 N2 1 12 2|
| uw—vietouy Vit ue 5V 5 W) = W)

It can be noticed that the 3'-order terms are eliminated from (1,3) and (2,3), plus, the
entries (1,2) and (3,2) are modified. This modification is not mentioned, hence not commented

in the paper.

Several further variants of the matrix could be defined, depending on what terms are
eliminated or kept. Since it is a widely used engineering approximation to eliminate all the 3"-

order terms, the second-order approximation is provided here as follows:

1 1 1
_ N2 _ 42 _ Y DY | ’
[1 2(u) 2<p ) zuv u ]
1 1 1
T = | 0 — Eu’v’ 1-— E(v’)2 —Egoz v’ | (29)
1 1
l —u’—v’qo _v/ +u,§0 1_E(u/)2_E(UI)ZJ

e Curvatures

Using one of the above transformation matrices and considering Egs. (14-15), the
curvatures can be expressed in terms of the displacement functions. The obtained formulae are
long. For example, using T4, the curvature formulae have 9, 7 and 11 terms for ., Ky, and k.,

respectively. Most of the terms are higher-order. If the linear and quadratic terms are kept, the
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curvatures are expressed (from almost any of the above-mentioned variants, with the exception

of Ty %) as follows:

Ky = —v" + pu”
Ky =u'+ @v" (30)
k" =o' — Suv A+ su
On the other hand, the x, curvature obtained from Ty ¢ is slightly different:
Ky =¢ —u'v"” (31)

It is to note that in [61-62], another equation is used for k, (derived differently, not

directly from a transformation matrix) as follows:

kR =o' —uv" +u'"v (32)
It is to observe that there is agreement in the literature on how to express k,,, while
various variants for k, exist. In ,, the 2"9-order term is sometimes eliminated, however, this
has no effect on the critical moment formula, since k, is not directly employed in the

derivations.
e Longitudinal strain

Following the steps described in Section 2.3.1.4, the longitudinal normal strain is
expressed through the displacements of the beam’s system line. The actual expression depends
on the considered rotation matrix, but typically has one first-order term, one second-order term,
several third-order terms, and several fourth-order terms. According to the logic of the linear
buckling analysis, the first-order term should be disregarded. It might also be reasonable to
neglect the fourth-order terms. With these eliminations, there is a second-order term and some
third-order terms. A few possible expressions are given here, as follows.

From T2"%:

1 1
EZan — (q)ur/ _ QDQDIU, _ E (u/)zvu _ (v/)zv// _ Euruuvr) y (33)

From T3 or TL:

1 1 1 1
gzgrd — (q)ur/ + ZQDZV” _ E(ur)zvr/ _ (U,)Z‘U” _ E(PQDIVI _ Euruuvr)y (34)

From TE®:
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(35)

Pi n 12/1 1 N2, T N2, 1////
&y =(<pu +E<pv —E(u)v - ('")*v —Fuu v)y

In [61-63], £t is further simplified by keeping one single 3"-order term only, as

follows.
2 > (36)
From T3"% or TT°, but with keeping only one 3"-order term similarly to the previous

gPi,simple — ((pu” + l(pZU”>}/

case:

) 1
g;rd,Smele — (gau" + ZQDZU")}/ (37)

From any Ty , if only the single second-order term is kept:
(38)

gZan,simple — (gau”)y

e Approximations due to cross-section characteristics

If the cross-section is open, it is reasonable to introduce approximations (which will be

referred to as open‘) as follows:

ElL,/I?\* _ GI\? _ . GJ(EL,/L?) _
<E1x>:° (77) =0 =0 59

The formulae can be further simplified (which option will be referred to as ‘open-

simple®) assuming that:
El, /L? G
Wl oo O (40)
El, El,
If the cross-section is closed, the warping is negligible, but the Saint-Venant torsion

rigidity is significant, hence the following approximation might be used (referred to as option

IR

0

‘closed’):
2
EIl, /L ~0 (41)
El,
The formulae can further be simplified (resulting in option ’closed-simple) assuming

that:
(42)

R
o

ElL,/L* _ 0 (G] )2
EIL, EIl,
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e Optional reduction of equation degree

Even if the above-discussed approximations are introduced, the final equation, i.e., Eq.
(20), from which the critical moment can be calculated, is of 4"-degree. Since there is no cubic
term in the equation, it can still be solved, and a closed-form expression (even if long) can be
obtained for M,.. However, in the literature the higher-degree terms are always eliminated and

finally the critical moment is calculated from a simplified quadratic equation.
2.4 Critical moment variants
2.4.1 Open sections

The derivation of the critical moment can be completed as summarized in Section 2.3.1,
but the final result (e.g., final expression for the critical moment) is dependent on various
details. The determining factors are as follows: the T, the curvatures, the longitudinal strain,
the assumed stiffness ratios of the cross-section, and the potential elimination of higher-degree

M,, terms in the final equation.

The elements of T matrix are combined from the displacement functions and their
derivatives. The curvatures and the longitudinal normal strain are also expressed by the
combination of the displacement functions and their derivatives. In most structural engineering
stability problems, when displacement functions and/or derivatives are combined, it is

appropriate to eliminate cubic or higher-order terms.

However, the literature suggests that to have the critical moment with prebuckling
deflections, third-order terms are required, too, in the T, transformation matrix, and in the &,
strain, but it is not clear which cubic terms are necessary. Moreover, in the literature, I-shaped
and (narrow) rectangular sections are discussed, and some stiffness values are assumed to be
small (compared to others), but — in many cases — without introducing a consistent assumption
system. Closed sections with high torsional rigidity (e.g., RHS) are not discussed, therefore, it

remains unknown how the assumed stiffness ratios affect the results.

Finally, the M, formulae in the literature are solutions of quadratic equations. However,
this is possible only if the higher-degree M, terms are eliminated. It is questionable whether
the effect of this simplification can always be justified. The solution for M, is, therefore, very
far from being unambiguous; this explains why various formulae are found in various papers.
Actually, several dozens of different M., formulae could be derived. A few possible formulae

are presented here, to demonstrate which options lead to the formulae found in the literature,
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and how the details of the derivations influence the final results. First, open cross-sections are
considered, therefore ‘open‘ and ’open-simple‘ options are employed. The considered

derivation variants are summarized in Table 2.1.

Variant (ref) is the reproduction of the simplest formula, shown in several papers, e.g.,
[2,67,69,71,75], which will be used here as a reference. Variant (a) is the reproduction of the
Pi-Trahair formula as in [64]. Variant (b) is the reproduction of the formula in [60] and [62].
Variant (c) is obtained by applying the geometric approximations proposed by [66]. Variant (d)
is similar to (c), but the simplified formula is employed for the longitudinal strain (similarly to
the simplified longitudinal strain formula by Pi-Trahair). Variant (e) is obtained by a consistent
quadratic approximation in each step (i.e., eliminating the cubic terms systematically). The
variants denoted by (+) are included here in order to observe the influence of neglecting or
considering the 4th-degree term in the final equation. Accordingly, variant (a+) is similar to (a),
but the final equation is 4th-degree, and variant (c+) is similar to (c), but the final equation is
4th-degre. It is to note that in the case of variants (a+) and (c+), M, is calculated from a 4-th-
degree equation; the obtained formulae can be expressed in closed format, but they are

relatively long, thus, not presented here.

Table 2.1: Summary of options considered for DSI sections

vari-ant transf. matrix curvatures nonlinear cross-section final Eq.
longit. strain model equation

(ref) Tind K, and k7" ghbsimple open simple quadratic (43)
(@) e K, and k7" ghbsimple open quadratic (44)
(b) no T Ky, and k5X° ghisimple open quadratic (45)
(c) TR° or TZ" K, and k)" gird open quadratic (46)
(d) THo Ky and k" gIrdsimple open quadratic (47)
(e) T3 K, and kg gZndsimple open quadratic (48)
(a+) TE K, and kJ°" gfusimple open 4th-degree -
(ct) THo K, and kJ°" g3rd open 4th-degree -

The obtained formulae are as follows:

’ El ’ I
Mc(:ef) = Mcro/ 1- E_Iy = Mcro/ 1- I_y (43)
x x
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El, 2EL, 2ELIZ ' 2(EL)2 | 2(EL)?12

El G m?El GJEI m2El,El
Mgg)chro \/(1__)1_ ] w+ ] y w J/> (44)

El, G] m2El, GJEIL, m2EL EIl
MO =,/ (12 T B R T EWE (45)
El, EI, ELL?2  (EL)? (EL)%L?
El 2G 2m2E] GJEI m2El EI
MO =M/ [[1-=2- /_ w, GEy Tt (46)
El, EL, ELLZ ' 2(EL)? ' 2(EL)?L?
3EI, G n2E]l GJEI, m2EI EI
M = M, 1——2_ ] _ LA JELy + wZy (47)
2El, 2EI, 2ELL? 2(EL)? ' 2(EI,)2L?
2EI, G n2E]l GJEI, m2EI EI
M9 =M, 1——2 J _ LA JEL + w_y (48)
El, 2El, 2ELL?  2(EL)? ' 2(EL,)%L?

In all the above equations:

T m2E]
Mero =7 j EI, <G] + L—2W> (49)

It is obvious that the expressions for M, are dependent on the details of the derivation,

leading to different M., formulae. To be able to evaluate the differences, a simple numerical
study is provided (Fig. 2.2).
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Figure 2.2: Open sections: moment increase due to prebucking deflection.

Obviously, the critical moment values are dependent on the cross-section properties, the

beam length, and the material constants, however, here the focus is on the effect of the
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derivation details, therefore, hypothetical cross-sections are used with assumed stiffness ratios.
Considering typical doubly-symmetric I-shaped steel sections, it can be observed that G/ /E1,
is around (or smaller) than 0.01. Also, w2EI,,/L?/EI, is around (or smaller) than 0.001. By
assuming these rigidity ratios, the solution becomes independent of the length and material. The
critical moment increase, i.e., the (M., — M_,.c) /M., values are plotted in Fig. 2.2 for various,

practically relevant I,, /1, ratios.

Since for the given basic case of LTB, the solutions by [64], i.e., () and by [60], i.e., (b)
are re-derived by various researchers, it is fair to assume that these solutions are reasonably
correct. It can be observed that variant (c) results are very similar to those from (a) and (b). The
numerical studies presented in the next chapter validate this conclusion, too. It is clear that the
simplest, so-called reference formula yields nearly the same results. This means that it is
reasonable to use ‘open-simple’ option in practical cases (at least in the basic case). Moreover,
the results seem to justify the suggestion from various papers that the effect of prebuckling

deflection can be accounted for by the 1/,/1 — I,,/I, factor. Mathematically, however, this is
simply due to the fact that the EI,,/L?/E1, and GJ/EI, rigidity ratios are small for practical I-

shaped steel sections.

It is clear from the M, formulae that no real root exists if I,,/1, is large in any variant.
In most variants, the I,,/I,, = 1 is the point of singularity; while in variants (d) and (e), the
singularity occurs for much smaller value of I, /I,,.. Moreover, for medium I,, /I, values, variant
(d) and (e) lead to results very different from any other variants. Therefore, variant (d) and (e)
can be judged as incorrect. The results suggest that in these options, some important terms are
missing from the displacement approximations, leading to poor approximation(s) of the
function(s), which finally leads to poor prediction for the critical moment. It can be also
observed that the 4"-degree moment term in the final equation has very little effect. This is
particularly true when comparing (a) and (a+); though the M., values are not equal, the

difference is extremely small.
2.4.2 Closed sections

Unlike in open sections, the torsion rigidity is significant in closed sections, and this has
an effect on the M, formulae. Two of the above-mentioned variants are therefore re-calculated,
using ‘closed‘ and ’closed-simple‘ cross-section approximations. Namely: variant (a) and

variant (c) are considered, (al) and (cl) being the simplified, (a2) and (c2) being the more
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complex ones. Moreover, the effect of eliminating the 4th-degree term in the final equation is

illustrated in variants (al) and (cl): if the 4th-degree term is kept, the resulting variants are

identified as (al+) and (c1+), respectively. The characteristics of the variants are summarized

El, EIL. ' 2(EL,)?

48(EL,)? 48(EIL,)?

in Table 2.2.
Table 2.2: Summary of options considered for RHS sections
vari-ant  transf. matrix curvatures nonlinear longit. cross-section final Eq.
strain model equation

(al) TE K, and kJ" ghusimple closed-simple quadratic (50)

(a2) TE K, and kJ" ghusimple closed quadratic (51)

(c1) Tro or T2 Ky and kg " g3rd or g2 closed-simple quadratic (52)

(c2) T or T3¢ Ky and k" g3 or g2nd closed quadratic (53)

(al+) T K, and k7" ghusimple closed-simple 4th-degree -
(c1+)  TI° or T3"@ Ky and k" g3 or g2nd closed-simple 4th-degree -
The obtained formulae are summarized as follows:
El GJ EL,G] EI GJ
(a1) y y y
M =y, 1 -2y = Mero | ( ——)(1— ) 50
cr cro J El, 2EIL, 2(EL)?  ~°° \/ EL, 2E1, (50)
M@ _ 1 EL, B GJ N EL,G] 9(G))? B w2 (GJ)? (51)
cr cro El, 2EI, 2(El,)? 48(EIl,)? 48(EIl,)?
El 2G EL,G
MED = Mo ) [1-22 =2y 200 (52
EI, EI, 2(EL)
EI 2G EL,GJ 9(GJ)? w2 (GJ)?

D — jl__y_ /. EL @) @) )

Fig. 2.3 shows that the effect of GJ is non-negligible in the case of closed sections; in

fact, it increases the M.,./M_,, ratio. However, usually, the higher-degree terms with GJ have

very small effect. Though variants (a) and (c) have been found to be very similar for open cross-

sections, they lead to rather different M.,./M_,, ratios for closed sections, particularly if the

final equation is quadratic. The 4"-degree moment term in the final equation has noticeable

effect; in variant (a) the effect is relatively small, but in variant (c) it seems to be absolutely

necessary to keep the 4"-degree moment term, otherwise the results look unrealistic.
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Figure 2.3: Closed sections: moment increase due to prebucking deflection.

2.5 Summary

In this chapter, analytical solutions for the lateral-torsional buckling of thin-walled
beams, considering the effect of prebuckling deformations, were discussed. Doubly symmetric
beams with various end supports, as well as cross sections with low and high torsional rigidities
were considered. The critical moment formulae proposed in earlier papers for simply supported
beams subjected to uniform moment were re-derived, identifying the important decision points

which can/will influence the final formula.

In the analytical derivations, the transformation of displacements is necessary due to the
3D rotations of the system line of the beam. Since the rotations are not necessarily small, the
transformation can be realized in multiple ways. Moreover, in the course of the derivations,
many higher-order terms show up, and some of them are important, while others are not. It is
not self-evident which terms should be kept and which terms can be eliminated; earlier papers
show a significant scatter in this regard. Moreover, in certain publications some inconsistencies

can be found. All these factors lead to variations in the end results.

Both the derivations presented in this chapter and the in-depth study of the literature
suggest that approximations should be done carefully since they might lead to erroneous results
if done improperly. The results suggest that in the curvatures, up to second-order terms are
necessary and enough to consider. In the longitudinal normal strain, however, 3-order terms
are necessary too. It might be enough to consider selected 3"-order term(s), but they need to be

carefully selected. Regarding the transformation matrix, though in certain cases it is enough to
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consider the second-order terms only, but in other cases higher-order terms are necessary, too;

therefore, considering the 3"-order terms is recommended.

In the following chapters, further analytical derivations are performed for other cases
(different end supports and intermediate supports), the approximations done by Pi-Trahair
[63,64] are employed for these derivations since it was found in this chapter that they lead to

reasonable results for the cases included in the scope of this study.
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Chapter 3: Effect of End Supports
3.1 Overview

In the previous chapter, a detailed literature review is provided, which revealed that (i)
there are some contradictory statements and suggestions in the literature; (ii) the effect of end
supports is hardly considered; and (iii) there was hardly any attempt to use general finite
element tools to investigate the prebuckling effect on LTB. Later in Chapter 2, the
contradictions were addressed, and a detailed overview of the analytical derivations, as well as
the various resulting formulae is given. In this chapter, the investigation is expanded to include

other end support conditions, as well as numerical methods.

Nowadays, numerical methods are widely used in the engineering practice and research.
The most typical method is the finite element method (FEM). In this chapter, the FEM is used,
with both beam and shell FEM elements. If the problem is idealized, by assuming elastic
behavior without imperfections, the analysis is then called linear buckling analysis (LBA). In
the case of LTB, the critical load is usually expressed as the critical moment, which is the topic
of discussion here. Another commonly used approach for the buckling analysis is the previously
mentioned GNIA (see Chapter 1), which will also be used in this chapter.

Analytical considerations suggest that the maximum load from GNIA, if the
imperfection is very small, converges to the critical load from LBA [45,80]. However, when
GNIA is performed numerically, discrepancies are experienced, e.g., the moment where
instability occurs can be smaller or larger than the critical moment from LBA [44]. One of the
potential reasons of these discrepancies is the so-called prebuckling deflections, which is the

main focus in this investigation.

In Section 3.2, the scope of the study is discussed, showing the parameters considered
in the study. In Section 3.3, the analytical derivations from Chapter 2 are expanded to include
other boundary conditions, and several critical moment formulae are provided. In section 3.4,
the numerical methods (LBA and GNIA), as well as the FEM models are discussed. The results
from the various methods are presented and discussed in section 3.5. Though in general, the
numerical and analytical results show reasonable coincidence, some differences are
experienced, which are discussed in Section 3.6 and 3.7. Section 3.6 discusses the effect of the

length of the beam, and section 3.7 discusses the localized deformations.



3.2 Scope

In this study, single-span girders are analyzed with doubly symmetric steel cross-
sections. The girder (Fig. 3.1) is prismatic and originally straight. The beam is subjected to
uniform moment about the major axis, and various boundary conditions have been considered.
The critical moments without and with considering the in-plane deflections have been
calculated (leading to M., and M_,., respectively). Analytical and numerical methods have
been applied, as follows: (i) analytical formulae derived in Chapter 2, as well as further
formulae for other boundary conditions derived in this chapter, (ii) LBA analysis by beam FEM,
(iii) LBA by shell FEM, (iv) GNIA by beam FEM, and (v) GNIA by shell FEM.

Figure 3.1: Beam configuration, coordinates, displacements.

A key objective here is to investigate the effect of end supports. Accordingly, various
classic boundary condition combinations have been considered as summarized in Table 3.1.
The main two variables are the rotation and warping, the latter one being the distortion of the
cross-sectional plane along the beam's length due to non-uniform torsion [83]. In the table ‘P’
indicates a free condition (i.e., “pinned”), and ‘F’ indicates a fixed condition, while ‘r’ and ‘w’

specify whether the fixity is for rotation (about the minor axis y) or warping.

Table 3.1: Boundary conditions combination.

Left end Right end notation
rot. warp. rot. warp.
1 P P P P PrPw-PrPw
2 F F F F FrFw-FrFw
3 P F P F PrFw-PrFw
4 F P F P FrPw-FrPw
5 P P F F PrPw-FriFw

twisting rotation around the longitudinal axis are always prevented at both ends, the longitudinal

—+

is important to underline that the transverse translations (along x and y) as well as the

translation is always prevented at one end, and the rotation about the major axis x is always

free.
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Two cross-section types are considered: doubly-symmetric I-shaped sections (DSI), and
rectangular hollow sections (RHS). The reviewed literature suggests that the ratio of the weak
to strong axis moments of inertia (1, /I,.) is the main influencing factor of the in-plane deflection
effect; the cross-sections of the study have been defined accordingly, including a wide range of
L, /1, ratios. Another important aspect is that unlike the beam element FEM or analytical
solutions, the shell element solution is affected by local deformations. However, if the beam is
long enough and the plates are thick enough, these local deformations are less influential. Since
the aim of the study is to compare the various methods, relatively long beams and thick plates

are employed.

In the case of DSI, the flange width is 200 mm, the flange and web thicknesses are 20
and 12 mm, respectively, while the total section depth (out-to-out) is a variable so that the I, /I,

ratio would be in the range of 0.05 to 0.75. In the case of RHS, the section width is 150 mm
(out-to-out), the flange and web thicknesses are 30 and 10 mm, respectively, the total section

depth (out-to-out) varies, so that the 1,, /I, ratio would be in the range of 0.03 to 0.75. The actual

section depth values and inertia ratio values are summarized in Table 3.2.

Table 3.2: Section depths and inertia ratios

DSl RHS

depth (mm) L,/I, depth (mm) L,/I,
150 0.75 150 0.75
160 0.65 160 0.66
180 0.49 180 0.53
200 0.39 200 0.43
300 0.15 300 0.22
400 0.08 400 0.13
500 0.05 500 0.09
1000 0.03

Regarding the length of the beam, a pilot study was conducted in which different lengths
were analyzed for various boundary conditions. It was found that the RHS section experiences
higher local deformations, requiring longer beams to reduce them. It was found that for the DSI,
a length of 15 meters, and for the RHS, 30 meters, are suitable for keeping the local
deformations small, even though it is not possible to completely eliminate them. (It is to note

that the effect of beam length and localized deformations are discussed in Section 3.6). For the
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material, a classic isotropic steel is considered, with a Young’s modulus equal to 210000 MPa,

and Poisson’s ratio equal to 0.3.
3.3 Analytical solutions

This section extends the analytical derivations for the various boundary conditions
proposed in Chapter 2. Critical moment formulae are derived for each support condition, both
for open cross-sections with small torsional rigidity, and for closed cross-sections with large
torsional rigidity. The derivation options are selected so that the final formulae would be as
simple as possible. For the cross-section, options ’open-simple‘ and ‘closed-simple’ are used,
and the final equation is simplified to a quadratic equation. Due to these simplifications, the

Pi,simple

longitudinal strain can be either &, or &7, Finally, k, and k7" are used for the

curvatures.

It is to note that the formulae are presented only for open cross-section, though numerical
result will be shown for both open and closed sections. It should also be noted that the resulting
formulae are dependent on the assumed displacement functions. Here, to each support condition
critical moment formulae are initially derived assuming a single trigonometric term in the
displacement functions, However, it was found that the ‘single-term’ formulae are inaccurate
in certain cases, therefore, more refined formulae are derived for selected cases, using 3

trigonometric terms (i.e., ‘3-term’ solutions).
3.3.1 FrFw-FrFw
In this case, the weak-axis rotation and warping are fixed at both ends of the beam.

e Single-term solution

If a single trigonometric term is used, the simplest displacement functions that satisfy
the support conditions are as follows:
1 2nz
u(z) =u, = (1 — cos —)

2712)

1
p(z) = <pm§<1 - cosT

where u,, and ¢,, are the displacement amplitudes (in this case, at the middle of the

beam).

The M_,., without prebuckling deflections is:
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s m2El,
Mo = = |EI —— (55)
rolt .51 j Y <GJ * (O.SL)Z)

The formula for the critical moment is:

EI El
Mepqe = McrO,lt/\/(l - E_Iy) (1 + 2 E_Iy> (56)
X X

It is interesting to observe that while M., 1, for FrFw-FrFw can be determined from

PrPw-PrPw using an equivalent length (0.5L), this is not true for M, ;.. The simple engineering
explanation is that in the case of M., the solution is determined by the u(z) and ¢(z)
functions only, both having two half-waves, while in the case of M., the solution is influenced

by the primary deflection, too, which has only one single half-wave.

e three-term solution

The solution can be enhanced by considering further similar terms in the displacement
approximation. However, only a few terms can be added if closed-form results are desired. The
results suggest that additional terms are more important for the rotation, thus, a reasonable

possible approximation is as follows:

21z
u(z) = u, 5 (1 — cos —)

L
1 21z 4tz 617
9(2) = ¢ [E (1 — cos T) +7 (1 — cos T) + 15 (1 - cosT)]

(57)

Where 7, and r5 are scalar parameters to be determined. (It is to note that in the 3-term
displacement assumption u,,, and ¢,, are not the displacement amplitudes anymore). After

performing the derivations, the critical moment without the prebuckling deflections is:

T m?El,
MCT0,3t = m Ely aGG] + aw (05L)2

dg = 1+ 16T22 + 36T32

(58)

ay, =1+ 641,%2 + 256132

If the prebuckling deflection is considered, the critical moment expression is as follows:
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I I
Mg, = Mcrw/\/(l — I—y) <1 + 21—y(1 + 47y + 41y + 6152 4 67132 + 8r2r3)> (59)
X X

Note, if r, = r; = 0, the 3-term formulae simplify to the single-term solution. Due to
symmetry, the critical moments can be plus or minus; the positive ones are taken as the critical
moment.

e Moment increase due to the prebuckling deflection

In order to calculate the increase due to the prebuckling deflection, the minimum values
of both M,,, and M., are to be found. Regarding M,,, it is obvious that M., 3. takes its
minimal value if r, = 13 = 0; i.e., M¢y0 min = Mcro,1¢- Regarding M., first, the minimum of
the M., 3, expression should be found; mathematically, the following equation system should

be solved:

a1\407*,315 =0 a1\/107",315 =0
or, or3

(60)

Unfortunately, this equation system cannot be solved analytically. As a simplification,
the first equation is solved by assuming r; = 0, from which r, is obtained (which is a
reasonable approximation, since r5 is supposed to be a rather small number). Then, the second
equation can be solved. Eliminating the higher-order terms of r, and r;, the following
expressions can be derived:
_ EI,(GJL? + 4n?El,)
GJL?(4EI, + 5EL,) + 4n2El,(16EI, + 29EL,)

2
(61)
B EL,(GJL* + 4n®EL,)(1 + 213)
GJL?(9EL, + 15E1,) + 4n2El,(81EL, + 159E1,)

T3

The above formulae suggest that r, and 3 increase as the beam length increases and/or
the inertia ratio increases. A practical upper bound is 1/9 and 11/216 for r, and r3, respectively,
which belong to L — oo and I,,/I, = 1. A mathematical lower bound for both r, and r5 are
zero, when L = 0 and I, /I, = 0. This also means that in any practical case the minimum M.,
value can be obtained from the 3-term solution, i.e., My 1nin = My 3¢ With the 7, and r3 values
from Eq. (61). Another observation is that both r, and r; are small numbers, but r5 is smaller
than r,. This justifies the approximate approach employed in the derivation. (Furthermore, this
makes it possible to further simplify Eq. (59), e.g., by eliminating some or all the higher-order

terms of 5 and/or r,.). Finally, the moment increase can be calculated as (M., — M;o) /M-
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3.3.2 FrPw-FrPw

This is the case where the weak-axis rotation is fixed, and warping is free at both ends

of the beam.

e Single-term solution

If a single trigonometric term is used, the simplest displacement functions that satisfy

the support conditions are as follows:

1 21z
u(z) = umi(l — cos T)
. (62)

0(2) = gpsin

The critical moment without the prebuckling deflections is:

3m ™ m2E]l
Mero1e = ?m\/Ely <G] + 12 W) (63)

The critical moment with the prebuckling deflections is:

El 972 El
Merae = M"O'“/ j (1 - Ely) <1 " < 16 1) E1y> (64
X X

The M.,o,1, formula can be interpreted as follows: the equivalent length for twisting is

1.0L, (which can directly be concluded from the assumed displacement function), while the
equivalent length for the lateral translationis (4/3m)L = 0.4244L, i.e., smaller than what could
be predicted from the shape function. However, detailed numerical analysis results suggest that
this solution is not precise, and the real critical moment is somewhat smaller, which can be

approximated by a more refined displacement function assumption, as follows.

e three-term solution

Better results can be obtained (and still, the critical moments can be expressed in closed

format) if the displacements are approximated as follows:

1 2nz
u(z) = Unm 5 (1 — cos T)
(65)
- nz - 3nz ~ 5nz
0(z) = pn [smT + Tpsin—— + rpsin——

where r, and r5 are scalar parameters to be determined.
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The solution without the prebuckling deflection is:

T m2El,
Mcr0,3t = aym EIy (XGG] + aW(O5—L)2

_ 1057
Y~ 8(35 — 631, — 25713)

(66)

a
aG = 1 + 97‘22 + 257'32

a, =1+ 81r,2 + 6251;2

The critical moment with prebuckling deflections can be derived similarly, and the

My 3¢/ Mo 3¢1atio can be expressed as follows:

I I, (1102572(1 + 1,2 + 132)
cr,3t "W/\/( L ( * L < 16(35 — 63r, — 2573)? 0

Again, if r, =r; =0, both critical moment formulae simplify to the single-term

solutions.
e Moment increase due to the prebuckling deflection
To calculate the increase due to the prebuckling deflection, the minimum values of both
M., and M, are to be found. For this support, the minimum point of either formula is not
obvious. Regarding M, 3, the following equation system must be solved:
a]\/IC1”0,3t =0 aMCT'O,3t =0

68
ar, ars (68)
This can be done analytically, and the following expressions are obtained:
2ElLy,
GJ +— GJL? + m2EI,
’rZ = — = —
5G] + 45 % 5GJL? + 45m2E],,
i (69)
El,,
GJ + GJI? + m*El,
T3 = —

356/ + 875 °Ew  35G/L? + 8751%E]l,

1z
It can be observed that r, and r5; depend on the length (and the torsion properties), but
both are bounded. If L — 0, then r, and r5 takes the values -1/45 and -1/875, respectively. If
L — oo, then r, and r; approaches -1/5 and -1/35, respectively. Theoretically, the minimum
point of the M, 5, formula can be found by setting the partial derivatives to zero. Practically

however, the M., 5, expression is too complex, and closed-form analytical solution for r, and
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r3 cannot be obtained. It is reasonable to assume, however, that the same r, and r; which
minimize M3, Will approximately minimize M, 3., too. However, it cannot be easily
predicted whether the minimal critical moments belong to the single-term or 3-term solutions.
That is why, finally, the minimal critical moment values can be obtained as M., min =
Min(Mero1e Merose) and My min = min(Mey. 14, My 3¢) With 7, and 3 values from Eq. (69).

Then, the moment increase can be.
3.3.3 PrFw-PrFw

This is the case where the weak-axis rotation is free, and warping is fixed at both ends

of the beam.

e Single-term solution

If a single trigonometric term is used, the simplest displacement functions that satisfy
the support conditions are as follows:

74
u(z) = u,,sin—

: (70)
(2) = 1 (1 27TZ)
p(z) = (pmz cos I
The critical without the prebuckling deflections is:
Meroe = ?ZJEIY <G] * (0.5L)2>

The critical moment with the prebuckling deflections is:

El ElL, (2712
Mep e = McrO,lt/\/<1 - E_ID (1 + E_Ij:< e 1>> (72)

Since 27m%/256 — 1 = 0.0409, this formula is nearly identical to the reference

solution. This implies that the warping fixity does not cause a significant change in how the
prebuckling deflection influences the critical moment. The M, 1, formula can be interpreted
as follows: the equivalent length for twisting is 0.5L, (which can directly be concluded from
the assumed displacement function), while the equivalent length for the lateral translation is
(8/3m)L = 0.8488L, i.e., the warping restraint has some supporting effect for the lateral
translations, too. However, detailed numerical analysis results suggest that this solution is not
precise, and the real critical moment is somewhat smaller, which can be approximated by a

more refined displacement function assumption.
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e three-term solution

Similar to other cases, the displacements can be approximated more precisely as follows:

mZ
u(z) = u,,sin T

1 2z 4z 6mz
0(z) = o, [E (1 — cos T) + 7, (1 — cos T) + 13 (1 - cosT)]

(73)

where r, and r5 are scalar parameters to be determined. The solution without the prebuckling

deflection is:

s m?El,
McrO = dyI Ely aGG] + QWW

1057w

_ 74
%Y = 8(35 + 567, + 5413) (74)

ac =1+ 161,% + 36152
ay, =1+ 641,% + 3247152

The solution with the prebuckling deflection is:

Iy Iy
Mcr,3t = Mcr0,3t/ (1 - I_) (1 + I_ar>
x x

_ 110257%(3 + 81, + 813 + 167575 + 12157 + 12137)
B 256(35 + 567, + 5413)2

(75)

a, -
Note, if r, = r3 = 0, the formulae simplify to the single-term solutions, but this would
not lead to the lowest critical moments.
e Moment increase due to the prebuckling deflection
The expressions for r, and r; that minimize M3, (and approximately minimize
M, 3;), can be obtained similarly as presented in the previous section. The resulting expressions

are as follows:

m2El,

L G/ *Gsnz  GJL? +4n?ElL, (76)
'y = =
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w2El,

. 36/ + 3050 3G/L? +12m%El,
* T 706] + 630 2Ew  70G/L? + 2520m2E],
(0.5L)2

Both r, and r5 are bounded: r, is between 1/40 and 1/10, while r5 is between 1/210 and
3/70. The minimal critical moment values can then be obtained as M min = (Mcro,16 Mero3t)
and Mcr,min = (Mcr,lt: Mcr,3t)-

3.3.4 PrPw-FrFw

This is the case where the weak-axis rotations and warping are fixed at one end, and free
at the other. It turns out that assumed displacement functions with single trigonometric terms
lead to reasonably good solutions, thus, no more refined solutions are shown here. The assumed
displacement functions are deducted from the flexural buckling solution of a pinned-clamped

column, as follows:

u(z) = uy, (sinE _Z sin (E))
W w om O
p(z) = oy, (sinﬁ - Zsin (E))

where K can be interpreted as an equivalent (i.e., buckling) length factor.

Mathematically, the condition % = tan(%) must be satisfied, from which the approximate value

of K is 0.6992. The M, without prebuckling deflections is:

T m?El,
M =—— [EL|(G] + ———— (78)
rOrt T 0.6992L \/ Y < S+ (0.6992L)2)
The M., with prebuckling deflections is:
El 2EI
Merae = ""'“/ j (1 B E_IZ) (1 * 3EIZ> 79)

The moment increase can be calculated similarly., simply taking the single-term

solutions, i.e., M¢ro min = Mcro1e aNd Mgy min = Moy e
3.3.5 Reference solution

Furthermore, a simplified analytical solution (proposed in several papers by various
researchers) for the simple case is also considered. From this, the M,,./M,,, ratio will be

referred to as the reference ratio and is expressed as follows:
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S .

The increase in the critical moment due to the prebuckling deflection — which will be

referred to here as reference increase — is expressed as:

— I
le/ (1__3’)_1 (81)
Mcro Ix

3.4 Numerical solutions
3.4.1 lterative LBA on deflected beam

If classic LBA is conducted by FEM, (i) first, the stresses are calculated on the
undeflected structure from the given loading (i.e., a linear static analysis is performed), (ii) then,
the geometric stiffness matrix is calculated considering the stress distribution obtained in the
previous step, (iii) then, the loads/stresses are scaled to find the critical values by solving the
generalized eigen-value problem of the structure. Obviously, this process does not include the
effect of prebuckling deflections. A possible proposed way to include the prebuckling
deflections is to perform LBA on a deflected beam by introducing an iterative procedure as

follows.

Step #1: First, classic LBA is performed, and M, is calculated (which, in this step, will

be equal to M_,.).

Step #2: Static analysis is performed to get the deflected shape (i.e., the prebuckling

shape), using the M, as the load from the previous Step.

Step #3: LBA is performed on the deflected shape, using the deflected shape from the

previous step, from which a new value for M, is obtained.

Since the critical moment calculated in Step #3 (on the deflected beam) is different from
the critical moment calculated in Step #1 (on the undeflected beam), Steps #2 and #3 should be

repeated till convergence. Note, this iterative procedure is similar to the one applied in [76].

It can be understood that this iterative LBA is slightly different from the real behavior,
since in the reality the stresses and deflections increase gradually as the load increases, whilst
in the last step of the above iterative procedure (from which M., is finally obtained) there is a
stress-free deflected beam on which the loads are applied, thus, the stress distribution as well
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as the geometric stiffness matrix is theoretically different. However, in the case of the actual
simple beam problem the stress distribution is hardly affected by the primary displacements,
therefore, the above iterative LBA procedure can be considered as a rather accurate
representation of the buckling with considering prebuckling deflections.

The above-described procedure is applicable whether the calculation uses a beam or
shell FEM model. The convergence of M, through iterations is illustrated in Table 3.3, where
the increase in the critical moment due to prebuckling deformations is shown in terms of the
number of iterative steps. (The actual values belong to DSI section, PrPw-PrPw boundary
conditions, and L=15 m length). Table 3.3 shows that the deeper the section is, the fewer
iterations are required to achieve convergence. This is due to the smaller in-plane deflections

in these sections, and, as a result, a smaller effect of prebuckling deformations.

Table 3.3: Increase in critical moments due to prebuckling deformation in terms of iterations.

No. of iteration steps /b = by/he = by /b =
0.75 0.65 0.39
1 42.06% 35.40% 19.82%
2 62.93% 49.91% 24.13%
3 73.82% 56.10% 25.07%
4 79.63% 58.79% 25.28%
6 84.45% 60.47% 25.34%
8 85.87% 60.80% 25.34%
10 86.29% 60.86% 25.34%

In in Step #2 of the process, the static analysis should generally be nonlinear. The reason
is that occasionally large deflections are experienced, and the deflected geometry is improperly
captured by a linear analysis. In the linear analysis, the stiffness matrix is calculated for the
undeflected (perfectly horizontal) beam, the whole load is applied to the member at once, and
the equilibrium equation is solved. Even though one end is free to move axially, the calculated
axial displacement would be zero, causing the actual length of the deflected beam to be larger
compared to the original one. On the other hand, in the case of nonlinear analysis, the load is
applied to the structure in an incremental way, and after the end of each incremental step, the
stiffness matrix is updated, therefore the roller support displaces axially, and the total length of
the beam remains (practically) unchanged. The total vertical deflections in the two cases are
marginally different, however, the difference in the length of the deflected beam is the important
factor since it modifies the curvature of the beam in the primary plane, which has a non-

negligible effect on the critical moment of the — already curved — beam.
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It was experienced that with using a higher number of load-steps, higher accuracies can
be reached in the non-linear static analysis. Table 3.4 shows the percentages of error in the
resulting M.,- when using different number of load steps. (When the number of steps is one, this
represents the linear static analysis). Moreover, if the I, /1, ratio is small, the prebuckling
deflections are small, and the linear and nonlinear static analysis lead to similar increase in M,,..

However, if the I, /1, is large enough, the influence of the nonlinearity is more visible.

Table 3.4: Error in M, in terms of load incremental steps.

Number of load steps by/h = /b = y/h =
0.75 0.65 0.39

1 8.30% 4.37% 0.78%

2 3.88% 1.97% 0.35%

5 1.16% 0.58% 0.10%

10 0.06% 0.14% 0.03%

15 0.00% 0.00% 0.00%

3.4.2 GNIA with small initial imperfection

Another possible approach to numerically calculate the critical moment with considering
the prebuckling effects is the geometrically nonlinear incremental analysis with initial
imperfections (GNIA). The initial imperfection is necessary to initiate the secondary
displacements, i.e., the buckling. For this reason, first, LBA is performed on the undeflected
beam, then the (first mode) buckled shape — with proper scaling — is used as initial geometrically
imperfect shape, and then the nonlinear analysis is performed, from which load-displacement

curves can be established.

As it is well-known, if GNIA is performed, the secondary displacements (i.e., in this
case, lateral translation and twisting rotation) are gradually increasing, therefore, there is no
point of bifurcation, i.e., the critical moment cannot clearly be captured. However, if the initial
imperfection is small, the load-displacement curve will have a relatively sharp “corner” point.
This is illustrated in Fig. 3.2, where the total horizontal displacement at the reference point (i.e.,
the middle point of the beam) is plotted against the applied load, for three values of initial
imperfection amplitude. (Note, the actual plot belongs to DSl section with 1, /I, = 0.49, PrPw-
PrPw supports.) It can be observed that when the initial amplitude is 0.001 mm (an extremely
small value for a 15-m-long beam), the displacement increment significantly increases at the
load step with approximately 1.3 mm of total translation, causing the tangent of the curve to
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approach zero. The load value from such a step is chosen as the nominal critical moment. (In

the example shown in Fig. 3.2, this load is well above M.,.,, and is very close to M, calculated

by the iterative LBA procedure.)

5 10 15
Lateral Displacement (mm)

Figure 3.2: End moment vs. displacement of the reference point, for various values of initial
imperfection
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3.4.3 FEM models

e The models in general

When beam finite element analysis is performed, it is important to make sure that the
employed beam element properly considers the warping and Saint-Venant torsion of thin-
walled members. In this study the educational Mastan2 [84], and the commercial Ansys
software [85] have been employed. Since the results of these two programs are nearly identical
for the cases discussed, only the Ansys results are presented. The beams have been discretized
into 32 beam finite elements along the length, and the load is applied as concentrated moments

at the ends.

In the case of shell FE analysis, the student version of Ansys has been used. The applied
finite element is the SHELL181. For the discretization of the model, the (average) element size
was set to 40 mm. The end moments have been placed onto the model as equivalent distributed
loads (i.e., line pressures) acting along the edges of the flanges and web of the member at the
midline of the shell elements (Fig. 3.3). An important feature is that line pressure is
perpendicular to the edges and remain so even when the structure deforms; therefore, the

resultant of the loading (i.e., the bending moment) remains independent of the deflections.
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Figure 3.3: Line pressure applied to the shell model.

e Supports in beam FEM

Since in the analyses, the geometry is updated as part of the process (either in the case
of iterative LBA or GNIA), and since the primary deflections can potentially be significant, it
is a question whether the twisting rotations are interpreted in the fixed (i.e., global) coordinate
system, or in a rotating (i.e., local) coordinate system aligned to the end cross-section. Both
interpretations are reasonable but require different handling and lead to different results, since
the twisting fixity, if applied in the global coordinate system, results in some fixity about the

weak axis in the local (i.e., deflected) coordinate system.

If the rotations are interpreted in the global system, then the rotational fixity can directly
be applied to the relevant DOF of the end cross-section. However, if the rotations are interpreted
in the local system, some special support solution is needed. In this research, the rotations are
typically interpreted in the local system and are realized by adding two small cantilevers along
the local y* axis at the beam ends, which remain perpendicular to the longitudinal axis even
when the beam is deflected. The twisting is then prevented by defining x-directional

translational supports at the end of the cantilevers (Fig 3.4).

ux

(a) (b)

Figure 3.4: Support against local twisting rotation: (a) undeformed, (b) deformed.
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It is to mention that, in the Fr case, this support defention problem does not exist because

fixities about both the y and z axis exist, ensuring that both the minor-axis and twisting rotations

are prevented, regardless in which coordinate system the rotations are interpreted. The

interpretation of the twisting rotation has an important effect on the deflections. Fig. 3.5 shows

four situations (the actual shown case is for the RHS section with L = 30 m), depending on
whether the support is local or global (i.e., LS or GS), and whether the rotation is interpreted in

the local or global system (i.e., LR or GR). Not surprisingly, the twisting rotation interpretation

has noticeable influence on the calculated critical moment values.

i
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Figure 3.5: Local and global twisting rotations for the different support types.
To show the effect clearly, Table 3.5 shows the results of using either the global or the

local supports: M., (buckling moment without prebuckling deformations), and the increase in

moment due to prebuckling deflections are given for the same case (which is RHS section with
PrPw-PrPw supports). As can be observed, the M_,., values are slightly affected, which is due

to the extra flexibility provided by the small cantilevers.

Table 3.5: The effect of support type on the critical moments

Global Support

Local Support

Global Support

Local Support

L/I, Mcro Mero
kNm kNm incr (%) incr (%)
0.53 432.2 430.6 11.39 75.47
0.43 461.1 459.4 7.39 58.08
0.22 518.4 516.4 0.82 25.73
0.13 575.1 572.7 -0.37 15.79
0.09 853.1 847.7 -0.65 11.05
0.03 1126.6 11159 -0.5 3.76
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However, the increase in moment is strongly affected even if the I,, /I, ratio is small. (It
is fair to add that the support interpretation effect is much less significant in the case of DSI
sections, primarily because the critical moments are smaller, hence the primary deflections are
smaller, so that the difference between the local and global coordinate systems is small.)
Though both the local and global supports might be meaningful, in the current studies local

supports are applied as assumed in the analytical models.

e Supports in shell FEM

When shell FEM is used for the analysis of thin-walled members, it is not evident how
the classic end supports (such as, pinned) can be realized. If the support is PrPw, two possible

versions are considered.

Support #1: Each node of the end cross-sections is supported perpendicularly to the plate
element as shown in Fig. 3.6(a). Note, such support is successfully used for the buckling

analysis of thin-walled members, e.g., in [44,86].

Support #2: The end section nodes are supported against x or y translations, as shown in
Fig. 3.6(b). Moreover, to reduce the localized deformations, all the nodes are restrained against
twisting rotation, which is realized by introducing a master node which all the nodes at the end
of the beam are rigidly linked to. (It is to note that the so-called master node is a separate node,
i.e., not part of the member discretization, though in the case of DSI section its geometric
location coincides with one of the nodes of the discretized member).

S S S A"K%*B"A == E

B> [ | | \

N I -

A 4 A" A ®iaa m=—— e
(a) Support #1 (b) Support #2

Figure 3.6: illustration of end supports in shell FE model for the DSI and RHS sections
If the beam axis is horizontal (i.e., undeflected beam), the two PrPw support versions
are practically identical. However, both in the iterative LBA and GNIA, the geometry is
updated, i.e., deflected beams are analyzed. As soon as the beam is deflected, the pressure load
at the plate edges becomes inclined, and the vertical translational supports in Support #1 can
directly take a portion of the loading, hence, the edge moment is not fully transferred to the
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beam. On the other hand, in the case of Support #2, all the edge pressure load is directly
transferred to the beam. The difference between Support #1 and #2 is reflected in the critical
load values, too, as illustrated by Table 3.6, which is for the DSI section, PrPw-PrPw end

supports, and a length of 15m.

Table 3.6: Increase in critical moment in terms of ,, /1, for both support configurations

I/1, M, Support #1 Support #2
kNm incr (%) incr (%)
0.75 147.8 86.29 229.17
0.65 148.2 60.80 128.81
0.49 149.1 36.54 51.80
0.39 150.0 25.33 30.81
0.15 1.55.3 7.96 8.16
0.08 159.3 3.77 3.86
0.05 166.2 2.22 2.16

Obviously, the larger the I,,/I,, the larger the difference between the two support
versions, which is due to the larger deflections. Though none of these support versions can be
considered incorrect, Support #2 is employed in the further analysis, since this solution is

comparable to the beam element model, and the analytical derivations.

In this study, 4 types of end supports are necessary to cover all support conditions in
Table 1. (i) PrPw is realized as Support #2. (ii) In the case of PrFw support, the solution is
similar to PrPw, but the additional warping support is introduced by forcing the linked nodes
to follow the longitudinal translation of the master node. (iii) The FrPw support cannot easily
be realized in a shell model, therefore, this support case was not considered in shell FEM
analyses. (iv) FrFw is similar to PrFw, but, additionally, the master node is restrained against

the rotation around the vertical axis (y).
3.5 Numerical results
3.5.1 Critical moments without prebuckling deformations

The results of M_,., (without prebuckling deformations) are shown in Table 3.7 for the
DSI sections, and Table 3.8 for the RHS sections. In these tables, “diff. ana.” refers to the
difference in percentage between the analytical solution and the beam element solution, while
“diff. shell FEM” refers to the difference between the shell and beam element solutions. It is
shown that the beam FEM results are practically identical to the analytical ones for DSI

sections. Furthermore, there is a systematic difference between the beam and shell FEM results,
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the shell FEM leads to lower critical moments, which is due to the extra flexibility of the shell
model, and in line with findings from other papers (e.g. [44,87]), with the shell model being
able to produce non-beam-like deformations, such as localized bending deformations and/or
cross-section distortion. The magnitude of these non-beam-like deformations depends on the

geometry of the beam.

Table 3.7: M_,., for DSI sections

PrPw-PrPw FrFw-FrFw PrFw-PrFw FrPw-FrPw
/L | beam g diff | beam g diff | beam g diff | beam
FEM shell | FEM shell | FEM shell FEM
Moo 2 FEM | Moo %™ FEM | Myo 2™ FEM | My ana.
kN.m % % kN.m % % kN.m % % kN.m %
075 | 152 -0.02 -252 | 308 -0.09 -2.43 | 163 237 -241 | 307 0.08
0.65 | 152 -0.02 -2.62 | 310 -009 -255| 164 225 -251 | 309 0.08
049 | 153 -0.02 -2.81 | 314 -008 -278 | 167 205 -2.74 | 313 0.07
039 | 155 -0.02 -291 | 319 -008 -290 | 170 188 -2.84 | 316 0.06
015 | 161 -0.02 -342 | 343 -0.08 -354 | 187 148 -3.46 | 335 0.09
008 | 168 -0.02 -491 | 372 -010 -540 | 205 138 -535 | 355 0.20
005 | 175 -002 -498 | 405 -010 -556 | 225 137 -548 | 4053  0.35

Table 3.8: M., for RHS sections

PrPw-PrPw FrFw-FrFw PrFw-PrFw FrPw-FrPw

/I ! i i
i | beam g it beam g diff ) beam gy diff ) beam gy

FEM R shell FEM R shell FEM R shell FEM N
Moo 3™ FEM | Mo %™ FEM | My ™ FEM | My, A
kN.m % % kN.m % % kN.m % % kN.m %

0.75 432 0.02 -3.37 865 -0.08 -3.29 433 6.22 -3.46 865 0.19
0.66 | 461 0.01 -3.49 923 -0.09 -3.46 462 6.20 -3.55 923 0.19
0.53 518 0.07 -3.79 | 1038 -0.09 -3.94 520 6.28 -3.98 | 1038 0.19
0.43 575 0.01 -3.87 | 1151 -0.10 -4.10 577 6.24 -4.00 | 1151 0.19
0.22 853 0.01 -4.42 1708 -0.10 -5.62 857 6.73 -4.56 | 1708 0.18
0.13 | 1127 -0.05 -470 | 2255 -0.12 -7.25 | 1134 6.90 -4.89 | 2255 0.17
0.09 | 1398 -0.02 -7.26 | 2799 -0.13 -11.50 | 1409 7.19 -7.54 | 2799 0.15
0.03 | 2746 -0.03 -13.18 | 5501 -0.23 -27.05 | 2791 10.16 -13.77 | 5500 0.05

Regarding RHS, the analytical and beam element results for PrPw-PrPw and FrFw-FrFw
(and also PrPw-FrFw, though not shown) coincide. Moreover, in the case of PrFw-PrFw and

FrPw-FrPw slightly higher discrepancies are experienced, which suggests that the displacement
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functions assumed in the analytical derivations (for these support cases) are approximate as
explained in section 3.3. The differences between the shell and beam element seem to be higher
in RHS compared to DSI. It can be concluded that the local deformations are larger when
rotational or warping fixities are introduced, such as: (i) when the beam is shorter, (ii) when the
beam is deeper, or (iii) in the case of RHS sections compared to DSI sections, resulting in lower

M, values in the shell element, compared to the beam element and analytical solutions.

3.5.2 Critical moments with prebuckling effect

The M, critical moments (with pre-buckling deflections) have been calculated by the
iterative LBA as well as by GNIA methods, using both beam and shell element solutions. Then,
M., values have been compared to M., (without pre-buckling deflection). Figs. 3.7 to 3.11
show the increase in moment (i.e., difference between M., and M,,.,) for the different boundary

conditions. (Note, GNIA has been performed for DSI sections only. Also, FrPw-FrPw support
case has not been considered in shell FEM.)
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Figure 3.7: Critical moment increase, PrPw-PrPw, DSI (left) and RHS (right)
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Figure 3.11: Critical moment increase, FrPw-FrPw, DSI (left) and RHS (right)

Several observations can be made from these plots. Firstly, there is a non-negligible
difference between DSI and RHS. The critical moment increase is higher in RHS cross sections
when compared to DSI. Furthermore, the end support has an important effect: while in the

PrPw-PrPw case (which is overwhelmingly discussed in the literature), the reference increase
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is nearly precise for DSI, the actual increase can be quite different for other boundary

conditions.

In DSI, the increase is typically less than the reference, for all the other considered
supports. In RHS, the increase can be smaller or larger than the reference, depending on the
supports. Regarding the effect of end fixity, it is clear that rotation fixity has much higher effect
than that of warping fixity. It is to highlight that in certain support conditions there is a decrease
rather than an increase, i.e., the prebuckling effect decreases the critical moment, unlike what
is suggested in the literature (the prebuckling deformations always increase the critical

moment).

In general, good agreement between the methods is observed. The largest discrepancies
are experienced for high I, /1, values (which are less willing to buckle, and therefore less
important for the practice). When looking at the results of the numerical methods, LBA and
GNIA lead to practically identical critical moment predictions for both the shell and beam
element models, which justifies the applicability of the proposed iterative LBA method.

Also, in general, the agreement between the methods is better in the case of DSI
compared to RHS. This is primarily due to the fact that the applied displacement
approximations are less appropriate for sections with large torsional rigidity. It can be seen that
the agreement is the highest between the beam FEM and the analytical solutions in the case of
DSI. Even in these cases, however, smaller discrepancies are found. These discrepancies can
be attributed primarily to the approximate nature of the assumed displacement functions in the

analytical solutions.

Finally, in some cases, the shell model results are considerably different from those from
the other methods. This seems to be particularly true in the case of RHS. These discrepancies
can be attributed to the localized deformations, which are always present in shell FEM, and
which seem to have an even higher effect when prebuckling deformations are considered, as

will briefly be discussed in the next section.
3.6 On the effect of beam length

All the numerical results presented above are calculated for specific beam lengths, i.e.,
15m and 30 m for DSI and RHS beams, respectively. Looking at the simplified analytical
solutions, the length is not included in the M./ M., ratios. However, if more refined analytical

derivations are applied (i.e., with less simplifications or approximations in the derivations, or
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by having multiple terms in the assumed displacement functions), especially if some end fixity

is introduced, too, the M_,./M,,, ratios become dependent on the beam length.

This is in accordance with the numerical results from the beam FEM solutions where
length-dependency can also be observed, as illustrated by Fig. 3.13, where the increase in
critical moment is plotted for DSI beams with FrFw-FrFw supports, with the selected section
having I,, /I, ratio of 0.49. It can be seen from Fig. 3.12 that unlike the single-term analytical
solution, all the other solutions show noticeable length-dependency when prebuckling
deformations are considered. The beam FEM and the enhanced analytical solution show similar
length dependencies, though the longer the beam is, the less well the results agree. The
agreement could be improved by further enhancing the analytical solution, e.g., by adding more
terms into the twisting function. In other words, more terms are needed for longer beams for an

accurate solution.
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Figure 3.12: Effect of prebuckling deformations across the length.

At the same time, a more pronounced length-dependency is experienced in the shell

FEM results. The critical moment increase from the shell FEM initially shows an increase with
increasing the length, but then start to decrease, following the beam FEM behavior. The
discrepancy between the tendencies in the case of short beams is due to the localized (i.e., non-
beam-like) deformations, as discussed in the following Section. It should be mentioned that the
effect of the local deformations exists in addition to the length effect included in the beam
element solutions (when the beam is long enough for localized deformations to be negligible,

the shell element solution follows the trend observed in the other solutions).
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3.7 On the effect of localized deformations

The effect of beam length in the beam and analytical results is well explained by the
analytical derivations. The further length-dependency in the shell FEM results is due to the
localized (i.e., non-beam-like) deformations which are naturally allowed in shell FEM but
excluded from beam FEM and analytical derivations. To demonstrate this in a simple and
straightforward way, the so-called local deformation index (I.p) has been introduced here,

which is interpreted for a cross-section, i.e., can be calculated for any position along the beam,
as:

Ip=——""—"" (82)

where @, is the maximum twisting rotation in the cross-section, and ¢g,,, is the
average twisting rotation of the cross-section, while @44 max IS the maximum of the average
rotations along all cross sections in the beam. Practically, these rotations can be obtained from
the shell FEM results as nodal rotations around the longitudinal axis. After calculating the local
deformation index for many cross-sections, the highest value can be used (i.e., I p mqx) tO
characterize the magnitude of localized deformations of the whole beam by a single number. In
most cases, the maximum value occurs at mid-length where the deformations are the largest.

Table 3.9 shows the maximum local deformation index for beams with various lengths.

Table 3.9: I, across the length for both DSI and RHS cross sections

Length I, across the length (%)
(m) DSI RHS
PrPw-PrPw FrEw-FrFw PrPw-PrPw FrEw-FrFw

4 7.25 10.09 87.54 112.73
6 31 4.33 38.32 50.04
8 1.85 2.15 21.25 12.53
10 1.09 1.22 13.37 8.66
15 0.72 0.68 5.89 4.08
20 0.44 0.38 2.73 2.28
30 0 0 1.19 0.86
50 0 0 0 0.2

The table clearly shows that longer beams experience lower local deformations, making

the solution approach the beam element solution, even if it is not possible to completely
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eliminate the localized deformations from the shell element solutions, as shown in Fig. 3.12.
Moreover, it can also be seen that the end fixity FrFw-FrFw results in higher levels of local
deformations, which is also confirmed by the higher difference with the shell element and the
beam element solutions experienced. Finally, it is evident that the RHS section has significantly

higher local deformations when compared to the DSI section.

The general conclusion is that when restrictions are introduced to the movement of the
beam (due to high torsional rigidity or rotational fixities), the beam is less susceptible to have
pure LTB, and higher localized deformations are experienced as a result. The cross-section
deformations can further be analyzed, e.g., how they are distributed over the cross-section or
along the length. For example, it can be observed that in most cases, the web shows more
localized deformations compared to the flanges, etc. Since, in this research classic lateral-
torsional buckling is discussed, where non-beam-like deformations are negligibly small, the
detailed investigation of the localized deformations is beyond the scope. Nevertheless, it is
important to observe that such deformations can be experienced with shell FEM calculations,

and they have noticeable influence on the buckling results.
3.8 Summary

In this chapter, the investigations of the effect of prebuckling deflections on lateral-
torsional buckling of single-span beams from the previous chapter have been extended for other
support conditions. Furthermore, numerical studies were also reported in addition to the
analytical derivations. Several observations have been made.

Regarding the methods, the following conclusions can be drawn.

(i) Analytical solutions for various classic end supports can be obtained in closed format
by properly selecting the shape functions that satisfy the conditions of these supports, for both
open and closed sections. It was found that using only one trigonometric term in the shape
functions for the simple (i.e., fork) supports case can lead to reasonable results. However, more

trigonometric terms are needed for other boundary conditions.

(i) Two numerical approaches were proposed and applied to calculate the critical
moment of beams with considering prebuckling deflections. It was concluded that both the
proposed iterative linear buckling analysis and the geometrically nonlinear analysis with (very)

small imperfections lead to practically identical critical moments.
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(iii) When numerical methods are used for the analysis of beams with prebuckling
deflections, the loads and supports have to be carefully defined, considering that the deflections

can occasionally be moderately large.

(iv) The results from beam and shell finite element models are similar, but there are
always differences between them due to the localized (i.e., non-beam-like) deformations in shell
models. It is fair to say, therefore, that beam elements are beneficial but might be problematic
to use them for complicated problems; on the other hand, shell models can readily be applied
to most thin-walled beam problems, but the results are influenced by the localized deformations.

Regarding the effect of prebuckling deflections, the most important conclusions are as

follows.

(i) The effect of prebuckling deflection is small (and practically negligible) if the ratio
of the lateral and primary flexural stiffness of the beam is small (i.e., the minor-axis moment of
inertia of the cross-section is small compared to major-axis moment of inertia). However, in
the cases of larger stiffness ratios, the prebuckling effect is non-negligible. Thus, the
prebuckling deflection is confirmed to have an important contribution to the differences
between the critical moments predicted by classic analytical formulae and by nonlinear finite

element analyses.

(ii) The derived formulae clearly show that end supports have important effect. The
suggestion of multiple previous papers that the prebuckling effect is always positive and the
critical moment increase can be approximated by the 1/m ratio can be confirmed only
in the case of simply supported beams with small torsional rigidity (e.g., open thin-walled
sections). In other end support cases the prebuckling effect is different and can even be negative.
Moreover, the prebuckling effect is modified if the torsional rigidity is significant (e.g. closed

thin-walled sections).

(ili) When prebuckling deformations are considered, the solution becomes length-
dependent for some support conditions, with longer beams experiencing a reduced effect of

prebuckling deformations, an effect that doesn’t exist in classic solutions.

Thes results of this chapter reveal an important effect of the end supports regarding the
effect of prebuckling deformations. However, it is a common practice to also introduce
intermediate lateral supports, which is the focus of the next chapter. Since the beam FEM

element was shown to predict the results efficiently faster than the shell element, it will be
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mostly used, with some shell element results for confirmation purposes. Furthermore, although
the DSI and RHS results are different, the trends are similar, which is why further investigations
are limited to DSI sections. Finally, since the proposed iterative LBA method produced almost
identical results to the GNIA, it is used for critical moment predictions, while the use of GNIA

is limited to shape analysis (prebuckling behavior rather than the final result).
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Chapter 4: Effect of Intermediate Supports
4.1 Overview

In this chapter, beams with intermediate lateral supports are investigated. It is to
emphasize that the term ‘intermediate lateral support’ is used throughout this chapter in a broad
sense, meaning any support along the beam length that acts against the development of the
secondary displacements. Accordingly, lateral support can be a restraint against lateral

translation or twisting rotation. Both types are considered in this research.

Intermediate lateral supports are well-documented for their ability to enhance lateral-
torsional buckling (LTB) capacity or even prevent its occurrence. The influence of lateral
supports has been extensively studied in the literature, with numerous papers exploring different
aspects of the topic. Some studies focus on elastic behavior, while others investigate the
ultimate response. Research varies in its consideration of continuous versus discrete supports,
as well as rigid versus elastic support conditions. Additionally, various cross-sectional shapes
have been examined, with beams modeled as prismatic, stepped, or tapered. A range of
analytical, numerical, and experimental approaches have been employed. In particular, studies
addressing the elastic behavior of beams with discrete lateral supports and doubly symmetric I-

sections [88-101] have explored numerous aspects of this problem.

Examples are as follows: torsional or lateral (i.e. translational) support [88-90], the
position of the support within the cross-section (e.g., top, bottom, centroid) [91-94], position or
number of the support along the beam length, number of supports along the beam length
[65,95], the effect of various simple and combined loading [96], how the stiffness of the support
affects LTB if the support is elastic or what are the support requirements to avoid LTB [97-
100], how the choice of the beam finite element affects the M_,. results in FEM solutions [101].
The provided list is not comprehensive, and, obviously, in many publications more than one

aspect is discussed.

Upon reviewing the literature, it was found that beams with intermediate lateral supports
have not been discussed at all with considering the effect of prebuckling deflections. In this
chapter, therefore, the combined effect of the intermediate lateral supports and the prebuckling
deflections is studied. The behavior considering the combined effect can be significantly
different from the behavior when only one of them (i.e., either the prebuckling or the lateral

support effect) is considered.



Section 4.2 presents the scope of the study. Section 4.3 presents the FEM models used,
and section 4.4 presents the results of the numerical analysis, the results show complex behavior
which is sometimes hard to interpret. To gain better understanding, analytical derivations have
been performed, summarized in Section 4.5. All numerical and analytical results indicate that
the structural behavior is primarily governed by the deformation shapes that develop during
buckling (with and/or without considering the prebuckling deflections), therefore, in Section
4.6 the shapes are discussed along with comments on the effects of initial shape and values of
initial imperfections. Section 4.6 discusses the practical efficiency of the intermediate supports.

4.2 Scope

This research focuses on thin-walled beams with intermediate lateral supports. The
considered beam is similar to what was discussed in previous chapters (doubly symmetric, with
a uniform moment distribution along its length, see Fig. 3.1). The middle cross-section of the
beam is laterally supported, in one of the configurations as follows: Top flange Laterally
Supported (TLS), Centroid Laterally Supported (CLS), Bottom flange Laterally Supported
(BLS), and All the cross-section Laterally Supported (ALS).

Fig. 3.1 illustrates these cases. As a reference, the No Lateral Supports (NLS) case is
considered, too. It is to emphasize that ‘lateral support’ means that the lateral translation is
prevented at one (or multiple) cross-sections points, see Fig. 3.1. As a result, in the case of CLS
the twisting rotation can freely occur; in the case of TLS and BLS the twisting rotation of the
middle cross-section is not prevented but is linked to the lateral translations; while in the case
of ALS the twisting rotation of the middle cross-section is fully prevented. In addition to the
intermediate support, the end support conditions' effect has been studied, in a similar way as
discussed in previous chapters. The considered beams were similar to those from previous
chapters.

Figure 4.1: Intermediate lateral support types.
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Beams with various lengths have also been considered, with the beam length L having a
wide range between 2.5m and 50m. This length range covers the entire practical lengths for the
given cross-section shape and dimensions, with some extreme cases produced for better
understanding the behavior. Finally, for the material, a classic isotropic steel has been
considered, with a Young’s modulus equal to 210000 MPa, and Poisson’s ratio equal to 0.3,

which is similar to what was considered in previous chapters.
4.3 FEM models

For the Finite Element Method, similarly to previous chapters, the commercial FEM
software Ansys APDL has been used, with primarily beam elements, but shell elements have
been employed too for validation purposes. Similar end support conditions as in Chapter 3 were
introduced. As for the intermediate support, only the CLS can be directly applied to an FE node
in the beam element model. To apply the other intermediate supports, a cantilever, either at the
bottom (BLS) or the top (TLS) of the beam, or both (ALS), has been created with a length equal
to half the depth of the beam, and the lateral support being at the end node of the cantilever
(Fig. 4.2).

UX UX
UXx
UX UX
TLS BLS CLs ALS

Figure 4.2: Intermediate lateral supports in the beam element model.
The shell FEM element used in this chapter is also the SHELL181 element available in
ANSYS. The discretization, load application, as well as supports has been done in a similar
manner as done previously. Regarding the intermediate lateral supports, they can directly be

applied as nodal restraints against lateral translation.
4.4 Iterative LBA Results
4.4.1 The effect of intermediate lateral supports

The critical moment values with and without considering the effect of prebuckling
deflection (M., and M_,.,, respectively) have been calculated for various cases. Here, the results

calculated for 30-m-long beams with PrPw-PrPw end supports are presented in Fig. 4.3, where
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the critical moment increase values are plotted in terms of the I, /I, ratios. The reference

moment increase, is similar to what was proposed earlier (see eq. 81).
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Figure 4.3: Critical moment increase due to prebuckling effect, with various intermediatelateral supports.

It can be observed that in the case of ALS type intermediate support, the moment
increase curve closely follows the reference increase curve and/or the curve that belongs to a
beam without any intermediate support. This means that ALS support has marginal effect on

the moment increase (though, obviously, it has an important effect on the critical moment
values).

For TLS, CLS, and BLS, the effect of lateral support on the moment capacity is minimal
when the I, /I, ratio is small (i.e., for deep cross-sections). However, as the I, /I, ratio

increases, intermediate lateral support plays a significant role in altering how prebuckling

deflection influences the critical moment. In this context, a "small" I, /1, ratio is approximately

0.25 for the investigated cross-sections in the cases of TLS and CLS, while for BLS, it is
considerably lower, around 0.1
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Nevertheless, the large moment increase that can be observed in beams with simple end
supports and no intermediate lateral support is significantly reduced by the presence of a lateral
support, regardless the vertical position of it (with the exception of the ALS case). It can also
be concluded that beam FEM and shell FEM results are similar, though not identical. The
differences are primarily due to the non-beam-like deformations in the shell model, as discussed
in Chapter 3. Since LTB is a global buckling phenomenon, i.e., without localized deformations,
and since beam FEM is more efficient, no shell FEM results are shown in the subsequent

sections.
4.4.2 Beams with intermediate lateral supports and various lengths

Earlier studies in the literature suggested that the effect of beam length on lateral-
torsional buckling was negligible. However, Chapter 3 demonstrated that: (i) the beam length
has a negligible effect only when the ends are simply supported and specific simplifying
assumptions are applied in the analytical derivations; (ii) the effect remains small when the ends
are simply supported; and (iii) a more significant influence of beam length is observed when
the ends are partially or fully clamped. The results presented here further indicate that beam
length has a pronounced effect when the beam is laterally supported by discrete supports, as
illustrated in Figs. 4.4-4.5.

It is to mention that these results are for the PrPw-PrPw end supports case. In the case
of TLS and CLS, the plotted curves usually have two parts, suggesting that there is a change of
behavior at a certain I,,/I, value. This I, /I, value strongly depends on the beam length.
Furthermore, even if the curves for TLS and CLS cases are similar in shape, their tendencies
are different: in the case of TLS, the longer the beam, the smaller the moment increase; in the

case of CLS the trend is opposite: the longer the beam, the larger the moment increase.

Regarding BLS type lateral support, the right parts of the curves are visually like those
of TLS or CLS, however, the length effect is different: the smallest moment increase values
belong to medium length beams, while in the case of extraordinarily long or short beams the
moment increase is larger. Moreover, in the left parts of the BLS curves it is hard to identify
tendencies. Regarding the difference between M., and M_,,, the location of the lateral support
is crucial. In the case of TLS M., is always larger than M.,.,, hence the prebuckling deflection

positively influences the critical moment. On the other hand, in the case of CLS and BLS, M,
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can be smaller or larger than M_,,, depending on beam length and the I, /I, ratio. Occasionally,

the moment decrease can be significant up to 20-25% when the I, /I, ratio is around 0.4.
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Figure 4.4: The effect of beam length on the moment increase: TLS (left) and CLS (right).
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Figure 4.5: The effect of beam length on the moment increase: BLS support.

0.8

These experiences can better be explained by the buckling shapes, as will be discussed

in detail in later sections.

4.4.3 The combined effects of intermediate supports and end supports

Since in Chapter 3, the importance of end supports has been revealed, the cases of

intermediate lateral supports were considered for various end supports. The considered end

support cases are similar to those from Chapter 3 (PrPw-PrPw, FrFw-FrFw, PrFw-PrFw, FrPw-

FrPw, and PrPw-FrFw). Regarding the intermediate lateral supports, ALS, TLS, CLS, and BLS

were considered. The calculations were completed by beam FEM, and the results for the 30-m-

long beams are presented here, in Figs. 4.6-4.7. The main observations are as follows.
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In the case of ALS, the warping fixity has marginal influence, while the rotation fixity
(about the minor axis) reduces the moment increase. If the rotation is restrained at one end only,
the results are in between the Pr-Pr and Fr-Fr cases. In general, the results show the same trends
as those obtained for beams without intermediate lateral support. In the case of TLS/CLS/BLS,
the trends from both cases of end supports and intermediate lateral supports can be observed.
Regarding the end supports: the warping fixity has little effect while the rotational fixity reduces
the ‘increase’ due to prebuckling deformations. Regarding the intermediate lateral supports, the

curve has two parts as discussed earlier, with the same trends and discrepancies between these
cases.
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Figure 4.6: The effect of end supports: ALS (left) and TLS (right).
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Figure 4.7: The effect of end supports: CLS (left) and BLS (right).

Furthermore, for each intermediate lateral support case, the cross section of which the
‘switch’ into the other part of the curve occurs is affected by the end support, with rotational

supports generally causing the switch to occur at cross sections with lower 1,, /1, ratios. Since,

in general, both the end fixity and the intermediate lateral support decreases M., , their
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combined effect can cause it to be significantly smaller than M_,.,, the maximum decrease being
25-35%, depending on the lateral support position for the considered cases. (It is to note that

for other beam lengths even larger moment degradation can be found.)
4.5 Analytical studies
4.5.1 Overview

To have better understanding of the experienced behavior, and to validate the obtained
results, in this Section, analytical studies are presented: closed-form expressions for the critical
moments with and without considering prebuckling deflections are derived and discussed. The
analytical derivations closely follow those presented in Chapter 2. The key features can be

summarized as follows.

The energy method is employed: the displacements are assumed, the potential energy
function is established, and the minimum of the potential is searched for. During the derivations,
approximations and simplifications are introduced, similarly as in Chapter 2. Furthermore,
since the obtained formulae are usually complex, and since it is not the primary aim to provide
formulae for all the relevant cases, the analytical solutions are derived for the PrPw-PrPw end
supports only. To cover the intermediate lateral support cases considered, five candidates for
the displacements are defined, as follows.

21z
u@® = umsinT
(83)
21z
0@ = @, sin—
L
. nz - 3mz
u® =y, (smT + sin T)
(84)
®) = (sinE + sin %)
nZ h 3nz
u© =y, (sinT + (1 + %E) sin T)
(85)
nZ
(@ = i1 —
) Pm (sm L )
mZ 3nz
u@® =q,, (sin -+ sin T) (86)
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(87)
0® = @, (sin %)

where u,,, and ¢,, are the displacement amplitudes.

It is to observe that (a) is point-symmetric (having two half-waves longitudinally for
both u and ¢), while the others are symmetric (having one or three half-waves longitudinally).
Moreover, in the case of (a) and (b) both u and ¢ are zero at the middle of the beam; on the
other hand, in the case of (c), (d) and (e) shapes u is zero only at a certain cross-section point
while ¢ is non-zero at the middle of the beam. Depending on the position of lateral supports,
some of the above shapes are kinematically possible, some not. This is summarized in Table

4.1, where Y’ identifies the possible and ‘N’ identifies the not possible shapes, respectively.

Table 4.1: Assignment of support and shape functions.

(a) (b) (©) (d) (e)

all Y Y N N N
top Y Y Y N N
centroid Y Y N Y N
bottom Y Y N N Y

To each assumed shape critical moments formulae with and without considering the
prebuckling deflection can be derived, as summarized in the next Section. The analytical
prediction for the lowest critical moment is the minimum among those that belong to the
kinematically admissible shapes. For example, if the top flange is supported (TLS), (a), (b) and

(c) shapes are possible, hence, the lowest (i.e., first mode) critical moments are obtained as:

. b
MES = min(MSo, MO, M)

(88)
MTLS = min(M(a) MC(S),MC(;:))

cr

The other support cases can be handled similarly.
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4.5.2 Critical moment formulae

It is assumed here that the cross-section is doubly symmetric and open. To obtain simpler
formulae for the critical moment, it is reasonable to introduce the following assumptions,
similarly as in Chapter 2:

0 —

89
El, =0 (89)

IR
IR

El, /L2 GJ
El,

To make the critical moment formulae more compact, the following symbols are
introduced:
n?El, m?El,

y = Rv=—p F=0 (90)

while the ratio of the lateral and vertical bending stiffness is:

El, o1
Tyx = E_Ix ( )

The critical moment formulae without the prebuckling deflection are listed as follows:

(@) T T[ZEI
Mero = 551 \/Ely <G] + (0.5L)W2

(92)
MY = |4F,.[F, + 4F,
(b) T T[ZEIW
=——— |EI,| G] +
cro y 2
\/5/41L ( 5/41L)
(93)

41F 41K

b)) _ Yy w

Mo _«J_?;_\ﬁ%-+_j§_
2

h h
© _ /
Mgy =815 F, + 82Fy\/Ft +F, + 81 (§> F, (94)
a
M = |82F,\[F, + F, (95)
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h h
© _ |
Mgy = —81F, + 82Fy\/Ft +F, + 81 (§> F, (96)

Some of the M,,., formulae can be interpreted by the equivalent length concept. In case

(a), the equivalent length factors both for the lateral translation and twisting rotation are

1/4 = 0.5, in perfect agreement with the engineering expectation. In case (b) the equivalent
length factors are \/W = 0.3492, i.e., the equivalent buckling length is approx. one-third of
the beam length. In case (d), the buckling length for the twist is equal to the length, while the
buckling length factor for the lateral translation is m = 0.1104. In cases (c) and (e) the

equivalent lengths cannot readily be determined.

The critical moment formulae with the prebuckling deflection are listed as follows:

MS = Mc(g())/ (1-1) (67)
MP =mMP) /(1 =7, (1+ e (98)
cr cro Tyx o5 yx
e
2
812, (1 — 1) + \/82@(1 — ryx)J(Ft +F,)(1+81n,) +81(3) K (99)

(1 — ryx)(l + 81ryx)

M®P =MD/ \/ (1-1,,)(1 +81z,) (100)

Mgy

(101
—81 %Fy(l —Ty) + \/821«;(1 — ryx)\/(Ft +F,)(1+ 81r,) + 81 (2)2 By

(1-7,)(1+81r,)

It can be observed that in case (a) the moment increase is identical to the reference
increase (eq. 81). Moreover, in cases (a), (b) and (d) the critical moment increase can be
expressed by simple formulae, however, in cases (c) and (e) the moment increase cannot be

easily understood from the formulae.

The analytical formulae suggest that in the case of TLS and BLS the critical moment

and, thus, the critical moment increase is dependent on the h section depth, too. Therefore, even
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if the I,,/1, ratios for two otherwise identical beams would be the same, the critical moment
(and moment increase) is dependent on h. However, it is easy to understand that it is not the
section depth that really matters, but the position of the lateral support. Since in the case of TLS
and BLS this position is plus or minus h/2, that is why h is directly included in the moment

formulae.
4.5.3 Numerical results

To make the obtained results more understandable, and to compare the analytical and
FEM solutions, sample numerical results are summarized in Table 4.2. The results are provided
for two beam lengths: a short one (i.e., 5000 mm) and a long one (30000 mm). These two

lengths are selected to cover the cases when the length is short vs too long. Four I, /I, ratio

values are selected, including exceedingly small and large ones.

In the upper part of the table, critical moment values are given to each considered shape,
from (a) to (e). It is not surprising that the critical moments are strongly dependent on the
assumed buckled shape. In the lower part of the table the governing (i.e., lowest) critical values
are given, also indicating the shape to which they belong. From the lowest M., and M., values
the moment increases are calculated, and compared to the moment increases from beam FEM

solutions.

In general, the analytical results agree well with the beam model results. Considerable
difference can be observed only if the moment increase is exceptionally large, i.e., close to
100%, otherwise, the FEM-calculated and analytically calculated moment increase percentages
differ by no more than 1-2%, but mostly less than 1%. Regarding the shapes in the case of ALS,
shape (a) leads to the lowest critical moment values, both without and with considering the
prebuckling deflection, and regardless of the member length. Shape (b) is never governing.
Moreover, in many cases the buckled shapes without and with prebuckling deflection are

different, i.e., there is mode switch.

The results show that sometimes the classic LTB shape is point-symmetric, which
switches to a symmetric one, see e.g., the CLS type; however, in other cases the classic LTB
shape is symmetric, but can be switched to point-symmetric, see e.g., BLS type. Since the nature
of the buckled shapes, and especially the mode switch seems to have crucial role in the value

of moment increase, these are further discussed in Section 4.6.
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Table 4.2: Analytical results

L mm 5000 5000 5000 5000 30000 30000 30000 30000
h mm 500 300 200 150 500 300 200 150
I/, 0.05 0.15 0.39 0.75 0.05 0.15 0.39 0.75
M kNm 2340 1554 1213 1071 175 161 155 152
m®) kNm 4573 2870 2092 1749 265 236 224 218
mMe kKNm 90510 54440 36515 27626 2712 1785 1354 1153
Mm% kNm 6562 5101 4526 4296 757 715 694 683
M kNm 750 642 670 749 218 290 358 407
M@ kNm 2398 1688 1548 2159 179 175 197 305
M® kNm 4616 2976 2390 2896 267 244 255 361
MO kNm 19165 4678 1798 1400 695 277 173 181
M@ kNm 3045 1515 1017 1099 351 212 156 175
M kNm 763 659 687 967 184 165 142 169
MALS kNm  2340a 1554a 1213a 107la  175a  16la  155a  152a
MALS kNm  2398a 1688a 1548a 2159a 179a  175a  197a  305a
increase % 2.48 8.65 2761 1015 2.48 8.65 2761 1015
inr, FEM % 2.21 8.23 2669  95.67 2.43 8.51 2714 92.06
MTLS kKNm  2340a 1554a 1213a 107la  175a  16la  155a  152a
MTLS kNm  2398a 1688a 1548a 1400c  179a  175a  173c¢  18lc
increase % 2.48 8.65 2761 3072 2.48 8.65 1175  19.60
inr, FEM % 2.21 8.23 2662  28.78 2.44 8.48 9.93 18.36
MELS kNm  2340a 1554a 1213a 1071a  175a  16la  155a  152a
MESO kNm  2398a  1515d  1017d  1099d  179a  175a  156d  175d
increase % 2.48 -2.51 -16.18 2.62 2.48 8.65 0.95 15.35
inr, FEM % 221 425  -1648 214 2.46 8.87 0.52 14.87
MBLS kNm 750 e 642 e 670 e 749 e 175a 161a 155a 152 a
MBLS kNm 763e  659e  687e  967e¢  179a  165e  142e  169e
increase % 1.69 2.63 2.53 29.14 2.48 2.76 823  11.66
inr, FEM % 16 2.63 2.91 29.55 2.44 1.42 896  10.39
4.6 Shape analysis

4.6.1 Mode switch - LBA

To better understand the mode switch, the results are first analyzed in detail, focusing

on when the mode switch occurs and how the buckled shapes differ depending on whether the
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switch happens or not. The results are visualized in Fig. 4.8, where PP means that the buckling
mode is point-symmetric both without and with the prebuckling effect. Similarly, SS means
that the buckling mode is symmetric both without and with the prebuckling effect. PS identifies
those cases when the mode is point-symmetric without the prebuckling deflections, but
symmetric if the prebuckling deflection is considered; i.e., PS identifies the cases when mode
switch happens. (Theoretically, SP could happen, too, but such a case has not been found among
the investigated ones. Moreover, since the mode switch does not occur in the case of ALS, this

intermediate support type is not discussed.)
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Figure 4.8: Overview of buckling shapes (left: TLS, middle: CLS, and right: BLS).

Looking at Fig. 4.8, it can be observed that the parts of the moment increase curves in
Figs. 4.4-4.5 can be assigned to characteristic buckling shape scenarios. For example, in the
cases of TLS and CLS, the left parts of the curves belong to PP, while the right (quasi-parabolic)
parts of the curves belong to PS. The I, /I, threshold where the two lines join, i.e., where the
behavior changes from PP to PS, is dependent on the length: the larger the length in the case of
TLS, or the shorter the length in the case of CLS, the smaller the 1,,/1, threshold value, which

is in accordance with the results obtained in section 4.4.2.

The most complex case however is BLS (which was also observed in section 4.4.2). If
the beam is (at least, moderately) long and the I, /1, is (moderately) large, then the behavior is
PS, characterized by the quasi-parabolic curve parts in the moment increase curves. When the
beam is extremely long and 1,, /1, is small, the behavior is PP, characterized by the quasi-linear
increasing line. (It seems that for beams that are too long, longer that 25m for the considered
cross sections, the behavior of the BLS intermediate support becomes similar to that of the CLS

case.) For shorter beams, the behavior is SS, i.e., the buckling mode is symmetric either the
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prebuckling deflection is considered or not for low I, /I, ratios (if the beam is too short, all

cross sections have the SS behavior). In these SS cases, the tangent of the line segment (of the
moment increase curve) is proportional to the inverse of the beam length: the larger the length,

the smaller the tangent. In most of the lengths the tangent is negative, but it becomes positive
if the beam is short enough.

The above explanation is further illustrated and justified by Figs. 4.9-4.10., for TLS,
CLS, and BLS, respectively. The composition of selected moment increase curves is shown,
obtained by considering higher buckling modes from the buckling analyses. It can be observed
that the PP curves are approximately identical to the reference moment increase curve, that is
(i) they are negligibly dependent on the length, and (ii) they are independent of the vertical

position of the lateral support. The PS and SS curves are dependent on the length and the
position of the lateral support.
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Figure 4.9: Moment increase curves for the various buckling shape scenarios: TLS (left) and CLS (right).
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Figure 4.10: Moment increase curves for the various buckling shape scenarios: BLS.
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Moreover, the threshold values of the I, /I, ratio can be found as the intersection of the
curves that belong to the various scenarios. However, the final moment increase curve is not
necessarily the lower envelop of the curves, since the final curve is determined by the lowest
M., and M, values, not by the lowest moment increase values (see e.g., the BLS, L=10m
case). Therefore, from the results it can be concluded that the moment increase due to the
prebuckling deflections is strongly determined by the buckled shapes, which are dependent on
the beam length and the vertical position of the lateral support.

4.6.2 Mode switch - GNIA

In this Section, GNIA results are presented. The calculations are performed by FEM,
using the same models as used in the LBA. The initial imperfect shape of the beam is identical
to an eigen-shape from a classic LBA (without prebuckling deformation). In most cases the first
eigen-mode is employed, though the effect of considering higher eigen-modes is also studied
(see Section 4.6.3). Unlike when GNIA is applied in design, here, GNIA is applied to
approximate the elastic critical moment, hence, the role of the initial imperfection is to disturb
the perfect straight shape in order to allow the FEM to find the secondary equilibrium path.
Accordingly, in most of the presented cases the initial imperfection is extremely small, the
amplitude being 0.001 mm, though the effect of applying larger imperfection amplitudes is also
studied (see Section 4.6.4).

It is to mention that the GNIA can predict the critical moment, as discussed in Chapter
3. However, since the M., values calculated by the iterative LBA or by GNIA are practically
identical, it is used here for the purpose of the shape analysis only, by showing how the initial
shape is transformed into the final buckling shape (although some M_, results are presented,
they are just for understanding and explaining the behavior) . This transformation is illustrated
by Figs. 4.11-4.16. In all these figures lateral translations of the cross-section centroids (UX)
and twisting rotation of the cross-sections (ROTZ) are plotted along the member length, at

selected load levels, with ‘M,,.,” identifying the initial shape calculated from classic LBA.

It is to highlight that all the shape curves are scaled to have the maximum (in absolute
value) equal to 1; without this scaling the shapes of early sub-steps would mostly be invisible
due to the differences in the values of deflections at different load levels, as can be seen in Fig.
4.11. 1t is to note that, obviously, the presented secondary displacements occur together with
the primary displacements, which are practically linearly proportional to the load intensity, and

not shown in these plots.)
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Figs. 4.11-4.13 show three cases of PS behavior. All are calculated for the same length
and cross-section, however, the position of the lateral support varies. In all these three cases the
initial shapes are the same, however, the final shapes are different. More precisely, the final
ROTZ shapes are still similar, all being (approximately) a half sine wave. The UX in TLS and
BLS is characterized by a single lobe, but one is positive the other is negative (i.e., the centroid
moves in opposite directions); meanwhile, in CLS the UX has three lobes since the centroid at
the middle is restrained against lateral movement. So, even if the shapes follow the PS scenario,
the actual shapes are dependent on the position of the discrete lateral support, which explains

the differences in the trends between these three cases (even for the same PS scenario).
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Figure 4.12: Deformed shapes from GNIA: BLS, L=10m, H=180mm, PS behavior
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Figure 4.13: Deformed shapes from GNIA: CLS, L=10m, H=180mm, PS behavior

Fig. 4.14 shows the SS behavior, which in the investigated cases occurs only with BLS.
As the plots show, the distribution of UX and ROTZ remains unchanged during the loading
process. Partially similar phenomenon can be observed in the PP scenario, such as in the TLS

case, shown in Fig. 4.15.

However, even if the LBA results suggest that CLS exhibits PP, the real behavior is quite
different, as can be seen from Fig. 4.16. While UX hardly changes during the process, ROTZ
does. The initial shape (of ROTZ) is point-symmetric with a full sine-wave, which first
transforms into a symmetric one (characterized by a single lobe, but clearly not a half-sine
wave,) then transforms back to point-symmetric again (full sine-wave), but opposite to the
original one. This behavior, which could be identified as PSP, seems to be characteristic to
CLS.
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Figure 4.14: Deformed shapes from GNIA: BLS, L=5m, H=400mm, SS behavior

78



1 e 1 y
/ N\
/ \
/ \ \,
/ : /\ J
0.5¢ / \‘\ 0.5 7/ \\
/ \ / \
/ \ / \
/ \ N / \
e / \ / \
5 0 // — = =Mcro 5 0f— oo \ /
\ / ——0.2Mcr @ \ /
——0.4Mr O:2Mcr \ /
0.6Mer 0.4Mcr ‘.\ /
05 ——0.8Mer -0.5 {{——0.6Mcr \ /
) 0.8Mcr \ /
0.9Mcr \, /
_____ Mer 0.9Mcr \ /
w> s | =T == Mer N, /
4 Y -1 sl
0 2 4 6 8 10 0 2 4 6 8 10
z(m) z(m)

05r / \ o X

ROTZ
o
7/“\‘\
|
2}
5

05| \\\ / \'\. ————— Mcr |/

Figure 4.16: Deformed shapes from GNIA: CLS, L=5m, H=500mm, PSP behavior
4.6.3 The effect of initial shape

Though in certain cases the initial shape and the final shape are almost identical, i.e., the
initial twist and out-of-straightness are simply amplified during the analysis, in many other
cases the shape is significantly modified. This suggests that the initial shape itself is not
crucially important. To prove this, several cases have been recalculated using the second or
third (or even higher) classic buckling modes as initial shapes. (Nevertheless, the initial
amplitude has been kept the same very small value.) Sample results are shown in Figs. 4.17-
4.18 and 4.19-4.20, for TLS and BLS, respectively. As the plots show, though the shape
transition of the beam is significantly influenced by the initial shape, the final shapes are hardly
affected. (Note, the same cases with starting from the first mode are shown in Figs. 4.11 and
4.12 for TLS and BLS, respectively.)
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Figure 4.19: Deformed shapes from GNIA: BLS, L=10m, H=180mm, initial shape: second mode
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Figure 4.20: Deformed shapes from GNIA: BLS, L=10m, H=180mm, initial shape: third mode

The results suggest that the shape always converges to the same final shape regardless
the initial shape. However, the initial shape determines how fast the load-displacement curve
converges to the secondary equilibrium path, and it slightly affects the predicted M,-value, too,
as illustrated in Fig. 4.21. For example, in the actual case of TLS, mode 2 provides the fastest
convergence and the largest M, (out of the first three modes), while in the actual case of BLS

it is mode 3 that provides the fastest convergence and the largest M.,

Nevertheless, it can be concluded that if the initial imperfection is extremely small, then
(i) the final buckling shape and the associated critical load value are insensitive to the actual
initial shape, (ii) it is not necessarily the first mode that provides the best numerical performance

in finding the final buckling shape.
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Figure 4.21: Load-displacement curves form GNIA: TLS (left) and BLS (right), L=10m, H=180mm
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4.6.4 The effect of initial amplitude

Moreover, Figs. 4.21-4.24 show the final shapes together with the initial one for various
amplitudes. As the plots shows, in certain cases the final shape is hardly affected by the initial
amplitude, while in other cases it does. This observation can readily be connected to the
‘amount’ of shape transition involved (i.e., how much energy it takes to transition into the other
mode). In certain cases, the initial shape hardly changes during the analysis, hence, it hardly
matters how large the initial amplitude is, the FEM algorithm will easily find the secondary
equilibrium path. However, in other cases the beam exhibits significant shape transition to reach
its final shape; if the initial amplitude is large(r), the shape cannot fully be transformed before

reaching the secondary equilibrium path.
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Figure 4.22: Load-displacement curves form GNIA for various imperfection values: CLS, L=5m, H=500mm
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Figure 4.24: Load-displacement curves form GNIA for various imperfection values: TLS, L=5m, H=500mm

Regarding the resulting M, values, they also vary sometimes depending on the value of
initial imperfection. Table 4.3 shows the M., values for different intermediate support cases
and with having various initial imperfection values. It is observed that with higher initial
imperfections, lower M, values result from the GNIA. Furthermore, it makes it more difficult
to selecct a precise M., value. This makes it important to select the values of initial
imperfections correctly in order for the results to be comparable with the LBA or the analytical
solutions. It can be seen from Table 4.3 that the ‘decrease’ in M, due to larger imperfection

values, is slightly affected by the type of intermediate supports.

Another interesting observation was made. In some cases (especially in TLS), if the
initial imperfection is further increased, the M, value starts to increase again. Table 4.4 shows
the results of further increasing the imperfection values, which was done on the TLS case, with
L =10 m, and H = 500 mm. In this case, the value of M, drops to 78.7% at 10 mm of initial
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imperfection, but then increases again to reach 127.3% at 70 mm of initial imperfection, and

then starts to decrease again by further increasing the initial imperfection.

Table 4.3: Increase in Mcr values from GNIA with various imperfection values for different mode switch

cases
Imperfection TLS-10-180 (PS) CLS-5-500(PSP) BLS-5-400(SS) TLS -5 -500 (PS)
% of Mcr % of Mcr % of Mcr % of Mcr

0.0001 100 100 100 100
0.001 100 100 99.7 100
0.01 99.5 99.8 99.3 100
0.1 99.1 99.5 93.8 95.4
1 96.1 95.5 90.1 90.6
10 84.1 67.2 62.3 69.9

Table 4.4: M, for varying imperfection values for TLS, L = 10 m, H = 500.

Imperfection Mcr % of Mcr by LBA
0.0001 722 100
1 722 100
10 568 78.7
15 721 99.8
50 808 111.9
70 919 127.3
100 793 109.8
125 710 98.3
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Figure 4.25: Load displacement cureves for TLS, L = 10 m, H = 500.

This phenomenon can be explained by a higher buckling mode, meaning that increasing

the imperfection value to a certain level makes it easier for the beam to ‘switch’ into the higher
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buckling mode. This was confirmed by the actual observed shapes, as they switch into a higher
mode (but never fully) this is why the M_,. value never actually reaches the value of the second
buckling mode, but starts to decrease again after a certain imperfection value. Figure 4.25 shows
the load displacement curves of this case. It can be seen that if the imperfection value is too
small, the algorithm is able to capture both the first and second buckling modes.

4.7 Efficiency of lateral supports

Intermediate lateral supports are widely used in structural engineering constructions.
They are known to enhance the LTB behavior; occasionally, they can effectively prevent LTB
type instability. It is also common knowledge that the position (e.g., at the top or bottom flange,
etc.) and type (e.g., continuous or discrete, or, against twist and/or lateral translation, or, rigid
or elastic, etc.) of the intermediate support strongly influences its efficiency. Based on the here-
presented results, however, a further aspect is revealed: the efficiency of intermediate supports
is highly dependent on whether the prebuckling deflections are disregarded or considered.

To illustrate this, Figs. 4.26-4.28 show the efficiency for three sample cases: two simple
supported beams with different lengths and a clamped-clamped (i.e., minor-axis rotation and
warping prevented) beam, all with various I,,/1, ratios and various discrete lateral supports.
The efficiency is expressed by the Mo/ Mcronis) OF Mcr/Mcr(nis) ratio, where M., and M,
are the critical moments with the lateral supports, while M,.oy.sy and M, y.s) are the critical

moments without any lateral intermediate support.

In these actual samples, if the prebuckling effect is disregarded, then the actual benefit
of the lateral support is dependent on the beam configuration, but almost any of the considered
lateral supports are equally efficient except for short(er) PrPw-PrPw beam with BLS support.
If the prebuckling effect is considered, the efficiency of the lateral support is more diverse. As
expected, ALS is the most efficient and BLS is the least efficient, but the actual M.,/ M (y.s)
value is strongly dependent on the problem parameters: it can be as high as 3.3, but in many

cases, it is hardly greater than 1.

The general observation, therefore, is that though in some cases the efficiency of the
lateral support is the same whether the prebuckling effect is considered or not, more often than
not the calculated efficiency is rather different if based on the results of classic LBA or if based

on the results of a more advanced analysis including the effect of prebuckling deflections.
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Figure 4.26: Ratio of critical moments with and without intermediate support for Mcr0 (left) and Mcr (right), for
L =5 m, PrPw-PrPw.
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Figure 4.27: Ratio of critical moments with and without intermediate support for Mcr0 (left) and Mcr (right), for
L =30 m, PrPw-PrPw.
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Figure 4.28: Ratio of critical moments with and without intermediate support for McrO0 (left) and Mcr (right), for
L =30 m, FrFw-FrFw.
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In the reported research the LTB behavior is investigated using numerous assumptions
and simplifications, such as: the material is perfectly elastic and homogeneous, the effect of
imperfections is disregarded, only classic beam-type displacements are assumed (i.e., the effect
of shear of localized plate bending deformations are disregarded), etc. Real beams are affected
by all these factors. Still, it isa common notion that the results from an idealized elastic analysis
are representative, even though approximate, if the beam cross-section is compact and the beam
is slender. In other words, it is a reasonable expectation that the M, values should approximate
the real LTB capacity in the case of locally compact but globally slender beams. However, the
presented results prove that the critical moment value is strongly affected whether the
prebuckling deflections are considered or not: depending on the structural configuration the
M., can be significantly larger than M., but can also be significantly smaller, too, the

M. /M_,, ratio being in the 0.6-2.0 range.

Similar conclusions can be reached observing the efficiency of the intermediate lateral
supports. The calculated efficiency of the lateral support is sometimes significantly different
depending on whether the prebuckling effect is considered or not. For example, in the FrFw-
FrFw case shown in Fig. 4.28, for large and moderately large 1, /1, ratios, the efficiency of BLS
is 50% and 0% without and with considering the prebuckling effect, respectively; however, the
efficiency of ALS is 50% and 80% without and with considering the prebuckling effect,
respectively. In other words, the classic analysis predicts the same 50% moment increase for
both BLS and ALS, but a more realistic prediction is 0% for BLS and 80% for ALS. Again, the
conclusion is that it can cause a drastic difference in the elastic results whether the prebuckling
effect is considered or not. The results, therefore, suggest that if the critical moment is
calculated by a classic LBA, the obtained result is not necessarily a good predictor of the

capacity even if the behavior is elastic.
4.8 Summary

In this chapter, lateral-torsional buckling of simple beams with intermediate discrete
lateral supports were investigated. Four variants of the lateral supports were considered,
depending on the vertical position of the lateral support, and whether the twisting rotation is
restrained or not. The behavior was studied by finite element analyses, using both beam and
shell finite elements. Additionally, analytical solutions were also derived. Several observations

were made:
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Excellent agreement was found between the results from the derived analytical formulae
and the finite element buckling analysis if beam finite elements are used. When the beam is
modelled by shell finite elements, the results are still in reasonable agreement, though the effect
of non-beam-like deformations (primarily: localized plate bending and shear deformations) is

necessarily included in the result, causing noticeable differences.

Both the numerical results and the derived analytical formulae clearly show that the
intermediate discrete lateral support has an important effect on how the prebuckling deflections
modify the critical moment. In the case of beams with intermediate lateral support, the
suggestion of multiple previous papers that the prebuckling effect is always positive and the
critical moment increase can be approximated by the 1/m ratio can be justified only
if the intermediate support prevents both the lateral translation and the twisting rotation. In other
cases, the moment increase is (or can be) significantly smaller; in fact, the increase is frequently
negative, i.e., the prebuckling deflection can decrease the critical moment.

It was found that the discrepancies between these cases can be explained by the buckling
shapes, meaning that the buckling shape can be different when considering the prebuckling
deformations, suggesting a ‘mode switch’ that occurs sometimes during the loading of the
beam. To better understand the behavior, geometric GNIA was performed, too. This type of the

analysis reveals how the final buckling shape is formed as the load gradually increases.

The main observations are as follows: (i) the presence of a mode switch is confirmed, as
the beam starts with the shape of LBA without prebuckling deformations, it can gradually
switch into a different shape (ii) regardless of the initial shape, the beam will always switch to
the same final shape if initial imperfection values are small, however, the rate of which it
converges can vary, and the M., value can be slightly affected (iii) the value of initial

imperfection can significantly affect the M, value, as well as the resulting buckling shape

Finally, the practical use of intermediate supports was investigated. If the prebuckling
deformations are not considered, the discrepancies in M, between the different cases is limited.
However, when considering prebuckling deformations, significant discrepancies can be
observed. In some cases, the increase in M, due to intermediate support can be little to none,
while in other cases it can be up to 100%. The buckling mode is the main factor that affects

these results.
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Chapter 5: Conclusions and Thesis Statements
5.1 Conclusions

This research investigates the effect of prebuckling deformations on the lateral torsional
buckling of thin-walled steel beams. Classical solutions which are still used nowadays neglect
the prebuckling effects, and although it was shown in previous studies that it can have a
significant influence on the solution if the beam is not too deep, the topic is still far from being
fully studied, with only a handful of papers investigating it, which are mostly limited to the
most basic case, a doubly symmetric single span beam with forked supports, constant moment

distribution, and no intermediate lateral supports.

Upon reviewing the available literature on the topic, discrepancies were found in the
given analytical solutions for the seemingly same case. These discrepancies were found to be
due to several factors during the analytical solution, chapter 2 provided a detailed overview of
the analytical derivations for the basic case, showing when it’s appropriate to do certain
simplifications and giving the most suitable formulae. The effect of torsional rigidity is also
considered in chapter 2, providing analytical solutions for open and closed doubly symmetric
steel sections.

Chapter 3 investigates the effect of end supports. Various closed formed solutions are
given for 5 different end support conditions. Numerical FEM solutions are also introduced using
both beam and shell elements, and using two types of analysis, the GNIA, and a proposed
iterative LBA process. The results of the various methods were found to be in good agreement,
with some discrepancies found due to (i) the analytical solution needing more terms in the shape
functions in some boundary conditions, and (ii) the localized deformations in the shell element.
More refined analytical solutions are given, and a simple local deformations index was
proposed. It was found that the effect of prebuckling deformations is highly influenced by the

end supports, and it is even negative in some cases unlike what is suggested in the literature.

The next step in the research was investigating the effect of intermediate lateral supports.
Using the methods developed earlier, several types of intermediate supports were considered:
the lateral restrain at the top, bottom, or centroid of the beam, as well as everywhere on the
section, preventing the torsional rotation as well. The results showed high discrepancies
between these different types of supports, with some of them increasing the critical moment by

up to more than 80% when accounting for prebuckling deformations, while others cause a



decrease that can be up to 40%. These discrepancies were also found to be present in the same

case, when changing some parameters, like the length, cross section, or end supports.

To understand the causes for these differences, a study on the buckled shapes was
conducted using LBA (classical or iterative), where it was found that sometimes, the buckled
shapes can differ within the same case depending on whether the prebuckling deformations are
considered or not, as sometimes they are symmetric if classical solutions are used, but point-
symmetric if prebuckling deformations are considered. This suggests a ‘mode switch’ that
happens during the loading of the beam before it reaches the buckling load. To confirm that,
non linear (GNIA) analysis study was conducted with carefully observing the buckled shape

for various sub-steps. The mode switch was confirmed and studied in detail.

Although this study provides valuable insights into the effect of prebuckling
deformations on the LTB of beams considering various factors, the topic still needs further
investigations to fill the gaps. For instance, other boundary conditions can be considered, such
as cantilevers, fixed beams at both ends (about the primary rotations), or multi-span beams.
Other loading conditions can also be investigated, such as varying moment distributions, or
concentrated forces. Other types of intermediate supports can be studied, such as lateral
restrains at varying heights, at different locations across the length, or multiple lateral supports.
Other types of buckling can also be considered, such as combined global and local buckling.

These factors and others are intended as topics for future studies.
5.2 Thesis Statements

e Thesis1

| have conducted an analytical study on the lateral torsional buckling of beams
considering the prebuckling effect. I have summarized most of the available analytical formulae
in the literature, highlighting the variations between them (even for the seemingly same case),
showing that the solution is far from unambiguous. | rederived the different formulae,
identifying the important factors in the analytical derivations which influence the critical
moment formula. By doing so, | explained the differences between the formulae found in the
literature. Furthermore, by doing the analytical study, | showed that several further variants can
be derived (but not all of them are accurate). | defined the requirements for the approximations
and when it is appropriate to do them. | have distinguished between cross sections with high

and low torsional rigidities in the analytical derivations. By doing so, | have shown that the
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torsional rigidity of the section has an important, but unexplored effect, that is why open and

closed section beams are differently affected by the prebuckling effect.

e Thesis 2

I have conducted a numerical study for the validation of the analytical solutions. For that
purpose, | developed beam and shell finite element models, which are suitable for considering
the prebuckling deformations. | pointed out some important modelling aspects that have (or
might have) significant influence on the results when LTB with prebuckling effect is studied. |
have shown that classical models used for LBA might not be suitable for an FEM analysis that
consider prebuckling deformations, and special considerations must be made in order for the
results to be comparable with the analytical solutions (namely: loading application, supports in

beam and shell FEM models, and nonlinear static analysis in iterative LBA).

I have used two types of analysis for the numerical solutions. First, 1 proposed an
iterative LBA methods that alternate between static analysis for inducing prebuckling
deformations, and linear buckling analysis that obtain a critical moment value. | have shown
that convergence occurs, leading to critical moment value that’s close to the analytical
solutions. | have shown that using a linear analysis in the static analysis step produces error,
and non-linear analysis lead to better results. Then, I have conducted GNIA with very small
imperfections, leading to critical moment values that are very close to the results from iterative
LBA method, validating the use of such an algorithm. | have compared the shell and beam FEM
methods, highlighting that the effect of non-beam-like deformations is significantly magnified
when prebuckling deformations are considered.

e Thesis 3

I have considered other boundary conditions than the simple forked support case which
was mostly discussed in the literature. | have derived closed formed analytical solutions for
various boundary conditions, and | have created numerical models for these different boundary
conditions cases. | have conducted a parametric study using the proposed analytical and
numerical solutions. | have compared the results from all the proposed methods accounting for
the combined effects of (i) prebuckling deformations, (ii) boundary conditions, and (iii)

torsional rigidity.

Using the results, I have shown that the different methods used agree to an acceptable

degree, validating the derived analytical solutions for most cases, with some inaccuracies,
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especially when rotational fixities are introduced. | have shown that the source of these
inaccuracies is the approximative nature of the shape functions used. | have derived enhanced
solutions based on more accurate shape functions, giving more accurate results. | have shown
that the end supports have a significant effect on how the prebucking deformations influence
the solution, highlighting that proposed formulae in the literature are only valid for the simple

forked support case.

| have shown that unlike what is suggested by literature, the effect of prebuckling
deformations is not always positive, and can be negative in certain support cases. | have shown
that the length of the beam influences the solution in some boundary condition cases, which is
present in the FEM solution, but can only be captured in the analytical solution if the enhanced
shapes are used. | have shown that longer beams require more terms in the shape functions to
produce accurate results. | have shown that the effect of non-beam-like deformations in the
shell element solution is further heightened when fixity is introduced to the twisting rotation at

the end of the beam.

e Thesis4

I have considered the intermediate lateral and torsional supports, | have derived
analytical closed formed solutions for the critical moment of beams considering prebuckling
deformations for four cases: (i) lateral support at the top flange (ii) lateral support at the bottom
flange (iii) lateral support at the centroid, and (iv) lateral support with twisting rotation fixity. |
have created numerical models for these cases and conducted a parametric study using the

various methods.

Using the results, | have shown that the location of the intermediate support has a drastic
effect on how the prebuckling deformations affect the solution. The differences can vary
between a significant increase in the critical moment to a significant decrease (compared to the
case when prebuckling deformations are not considered) depending on which kind of
intermediate support is used. | have shown that the reason for these discrepancies is in the
buckling shape, which vary depending on the type of intermediate support. | have shown using
both the LBA and the analytical solutions that the buckling shape can differ depending on
whether or not the prebuckling deformations are considered, suggesting the presence of a ‘mode

switch’ as the load increases.

I have further investigated the mode switch behavior using the GNIA method, plotting

and observing the transitioning from one mode to another during the non-linear analysis, and
92



confirming the mode-switch phenomena. | have investigated the effect of the initial shape and
initial imperfection value on the mode-switch, showing that if the initial imperfection value is
small, the beam will always switch to the same shape regardless of the initial shape, but larger
initial imperfection values affect the final shape as well as the critical moment value. Finally, |
have studied the practical effectiveness of the use of intermediate lateral supports, highlighting
the variations between little to know advantage, to high advantage, depending on the type of

the intermediate support, the cross section, and length of the beam
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